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Let A be a unital AH-algebra and let a € Aut(A) be an automorphism. A necessary 
condition for A X a Z being embedded into a unital simple AF-algebra is the existence of a 
faithful tracial state. If in addition, there is an automorphism n with k»i = — id^ 1 (A) such 
that a o k and /c o a are asymptotically unitarily equivalent, then A y\ a Z can be embedded 
into a unital simple AF-algebra. Consequently, in the case that A is a unital AH-algebra 
(not necessarily simple) with torsion K\{A), 4»„Z can be embedded into a unital simple 
AF-algebra if and only if A admits a faithful a-invariant tracial state. We also show that if 
A is a unital AT-algebra then A x Q Z can be embedded into a unital simple AF-algebra if 
and only if A admits a faithful a-invariant tracial state. Consequently, for any unital simple 
AT-algebra A, i» a Z can always be embedded into a unital simple AF-algebra. 

If A is a compact metric space and A : 1? — > Aut(C(X)) is a homomorphism then 
C{X) xi a Z 2 can be asymptotically embedded into a unital simple AF-algebra provided that 
X admits a strictly positive A-invariant probability measure. Consequently C(X) X\ 1? is 
quasidiagonal if X admits a strictly positive A-invariant Borel probability measure. 

1 Introduction 

Quasidiagonality for crossed product C*-algebras were studied by Dan Voiculescu ( [44J ) . 
and [IS]). Quasidiagonality in C*-algebras has been studied for a long time in many different 
point of views (see [6j for more information, also [12] , [H], p], [39], [40], [47], pQ, [2], [3], [H], 
[9] and |10j . to name a few). Let X be a compact metric space and a be a homeomorphism on 
X. It was proved by Pimsner ([37]) that C{X) x a Z is quasidiagonal if and only if a is pseudo- 
non- wondering, and if and only if C(X) x Q Z can be embedded into an AF-algebra. Recent 
applications of C*-algebra theory to dynamical systems further suggest that quasidiagonality 
and AF-embeddability of crossed products A x a Z become increasingly important. 

Let A be an AF-algebra and a G Aut(A) be an automorphism. Nate Brown ([4]) proved 
that A x Q Z can be embedded into an AF-algebra if and only if A x a Z is quasidiagonal. More 
importantly, a if-theoretical necessary and sufficient condition for A x a Z being quasidiagonal 
is also given there. When A is a unital simple j4T-algebra of real rank zero, Matui ( [34] ) showed 
that A x a Z can always be embedded into an AF-algebra. On the other hand, Voiculescu's 
question when C(X) xa Z 2 can be embedded into an AF-algebra remains unanswered. It was 
not even known when C(X) Xa Z 2 is quasidiagonal in general. It was pointed out by Voiculescu 
( [46j) that a unital quasidiagonal C*-algebra always has a tracial state. One consequence of the 
results here is that if C(X) x a Z 2 admits a faithful tracial state then it is quasidiagonal (|8.2p . 

We are interested in the problem when C*-algebras can be embedded into unital simple AF- 
algebras. Note that not every AF-algebra can be embedded into a unital simple AF-algebra. In 
fact, it is easy to show that an AF-algebra can be embedded into a unital simple AF-algebra if 
and only if it admits a faithful tracial state. We prove a more general result. Recall that a C*- 
algebra A is AH, if A is an inductive limit of finite direct sums of C*-algebras A n with the form 
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P(n,i)M k (n,i))(C(Xn,i))P(n,i)i where X n>i is a finite CW complex and P (n>i) G M fc ( nji )(C(X nji )) is a 
projection. We show that a unital AH-algebra can be embedded into a unital simple AF-algebra 
if and only if it admits a faithful tracial state (|4.1|) . 

Let A be a unital AH-algebra and let a G Aut(A) be an automorphism. We study the 
problem when A x Q Z can be embedded into a unital simple AF-algebra. A necessary condition 
is that A admits a faithful a-invariant tracial state. We provide a sufficient condition for A x a Z 
being embedded into a unital simple AF-algebra. We prove this by applying our recent result of 
so-called Basic Homotopy Lemma in |33| . We show that, when there exists an automorphism k 
with K*% = — idx 1 (A) such that k o a and a o n are asymptotically unitarily equivalent, A x a Z 
can be embedded into a unital simple AF-algebra if and only if A admits a faithful a-invariant 
tracial state (I5.8p . It should be noted that such k do exist in many known cases. It also shows 
that, in the case that A is a unital AH-algebra (not necessarily simple) with torsion K\(A), 
A x Q Z can be embedded into a unital simple AF-algebra if and only if A admits a faithful 
a-invariant tracial state. It should be noted that a unital AH-algebra A with zero K\(A) may 
not be AF-algebra. Even in the simple case, a unital simple AH-algebra with zero Ki(A) and 
with torsion free Kq{A) may not be AF-algebra. There are simple AH-algebras with stable rank 
higher than one (|42j). On the other hand, we also show that when A is a unital AT-algebra 
Axi a Z can be embedded into a unital simple AF-algebra if and only if A admits a faithful a- 
invariant tracial state. In particular, when A is a unital simple AT-algebra, Ax a Z can always 
be embedded into a unital simple AF-algebra, which generalizes a result of Matui (pHj). 

A C*-algebra A is said to be asymptotically embedded into a C*-algebra B, if there 
exists a sequence of contractive completely positive linear maps {(/?„}: A — > B such that 
lim n _ 400 \\(p n (ab) — f n (a)<f n (b)\\ = for all a,b G A and linin^oo ||<^ n (a)|| = ||a||. Among other 
things, we show that C(X) xa Z 2 can be asymptotically embedded (in a stronger sense) into a 
unital simple AF-algebra if (and only if) X admits a strictly positive A-invariant Borel prob- 
ability measure (18. ip . Consequently, in the case that X admits a strictly positive A-invariant 
Borel probability measure, C(X) xa Z 2 is quasidiagonal. 
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2 Preliminaries 

2.1. Let A be a unital C*-algebra. Denote by U(A) the unitary group of A and denote by 
Uq(A) the path connected component of U(A) containing the identity. Denote by Aut(A) the 
group of automorphisms on A. If u G U{A), denote by adit the inner automorphism defined by 
adu(a) = u*au for all a G A. 

Let A be a unital C*-algebra and let a G Aut(A). Denote by A x a Z the crossed product. 
In this paper, we will fix a unitary and denote it by u a G A x a Z for which &du a (a) = a(a) for 
all a £ A. 

Let A be a stably finite C*-algebra. Denote by T(A) the tracial state space of A and 
by Af f(T{A)) the normed space of all real affine continuous functions on T{A). Denote by 
PA ■ Kq(A) —s- Af f(T(A)) the positive homomorphism induced by Pyi([e]) = (j ®Tk)(e), where 
e is a projection in A <g> M/. and T/% is the standard trace on M^, k = 1, 2, .... 

Let A and B be two C*-algebras and let h : A — > B be a homomorphism. We use h*i for the 



2 



induced homomorphism from Ki(A) into Ki{B), % = 0, 1. 

A homomorphism h is said to be full, if h(a) does not belong to any non-trivial (two-sided 
closed) ideal of B for any 

Let {B n } be a sequence of C*-algebras. Denote by l°°({B n }) the C*-algebraic product 
of {B n } and co({B n }) the C*-algebraic direct sum. We also use qoo({B n }) for the quotient 
l°°{{B n })/co({B n }). 

A measure [i on A" is said to be strictly positive measure, if fi(0) > for any non-empty 
open subset O C X. 

Definition 2.2. Let A and B be two C*-algebras. Suppose that L\,Li2 : ^4 — > B are two maps, 
e > and T C A, we write 

Li ps e L 2 on J 7 , 

if 

||Li(a) — L2(a)li < e for all a & J 7 . 

Suppose that L : A — > is a contractive completely positive linear map. Let (5 > and 
£/ C A be a (finite) subset. We say that L is <5-<5-multiplicative if 

||L(a6) - L(a)L(b)\\ < 6 for all a,b G Q. 

Let a > 0. We say that L is <7-£/-injective if 

||L(a)|| > c||a|| for all a £ Q. 

Let V C K(A) be a finite subset. A contractive completely positive linear map L : A — > B 
is said to be (Q,V,5) map if L is ^-^-multiplicative, \L\p is well defined (see 2.2 of [33], 6.1.1 of 
[S! and see also 2.4 of gj). 

Definition 2.3. Let ^4 and 5 be two C*-algebras. Suppose that {(p n } is a sequence of contractive 
completely positive linear maps from A to B. We say {^p n } is an asymptotic embedding, if 

lim ||(/9 n (a)(/9 n (6) — ip n (ab)\\ = for all a,b £ A and 

n^oo 

lim ||y? n (a)|| = llall for all a € A. 

n— >oo 

Definition 2.4. Let ^4 and be two unital C*-algebras. Let T : A + \ {0} ->Nx R + be a map 
and Q C be a subset. Suppose that </? : A — > is a contractive completely positive linear 
map. We say tp is T-^-full, if there are xi,X2, ...,xx( a ) n £ ^4 such that 

T(a) N 

max{||xj|| : 1 < % < T(o)n} < T(o)r and x*<p(a)xi = 1^ 

i=i 

for all 

Suppose that is a sequence of contractive completely positive linear maps from A to B 
such that 

lim \\{p n (ab) — (p n (a)(p n (a)\\ = for all a,b £ A. 

We say {(/? n } is a T-full asymptotic embedding if for any finite subset Q C A + , there exists an 
integer N > such that y n is T-^-full for all n > N. From [3T3l it is clear that such {tp n } is 
indeed an asymptotic embedding. 
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Definition 2.5. Denote by N the class of separable amenable C*-algebras which satisfy the 
Universal Coefficient Theorem. 

Definition 2.6. Denote by IA throughout this paper the universal UHF-algebra U = ® n >\M n , 
Let {e^} be the canonical matrix units for M n . Let u n G M n be the unitary matrix such 

that &du n (e'ff) = e|"\ i+1 (modulo n). Let a = (g> n >iad u n G AutiU) be the shift (see for 
example Example 2.2 of [4J). A fact that we will use in this paper is the following property 
that a has: For any integer k > 0, any e > and any finite subset J- C U, there exist mutually 
orthogonal projections e±,e2, ■•-,efc G U such that Y^=\ e « = Iwj ll xe « ~~ e « x ll < e f° r all x G J 7 
and o-(ei) = e i+1 ,i = 1,2, ...,k (e k+ \ = e\). 

Let A be a unital C*-algebra and let a G Aui(j4). In this paper, we say that A has the cyclic 
Rokhlin property, if for any integer k > 0, any e > and any finite subset T C A, there exist 
mutually orthogonal projections e%, G A such that 

k 

J2 e i = 1 A, (e2.1) 

i=l 

||xej — eix[| < e for all x ^ T and (e2.2) 

||a(e») - e i+ i|| < e, i = l,2,...,k (e k+ i = e 1 ). (e2.3) 

Suppose that a has the above cyclic Rokhlin property and w G U(A). Then adrooa also 
has the cyclic Rokhlin property (a fact communicated to us by N. C. Phillips). Given e > and 
finite subset J- C A and an integer k > 0, defined T\ = {w} U T ' . Since a has the cyclic Rokhlin 
property, there are mutually orthogonal projections {e\, e2, e^} such that Xli=i e « = 1^; 
||a(ej) — ej_|_i|| < e/2 and ||xej — e»a;|| < e/2 for all x G T\. Then 

1 1 ad to o a(ej) — ej+i|| < ||adio o a(ej) — adu;(ej + i)|| + ||adio(ej + i) — ej+i|| (e2.4) 

< e/2 + e/2 = e. (e2.5) 

It follows that adwoa has the cyclic Rokhlin property. 



3 Two Uniqueness Theorems 

The following is known. 

Lemma 3.1. Let A and B be two C* -algebras. Suppose that cp n : A — > B is a sequence of 
contractive completely positive linear map such that 

lim \\ip n (a)if n (b) — (p n (ab)\\ = for all a,b G A. 

n— too 

Then the following are equivalent: 

(i) The sequence {(f n } is an asymptotic embedding; 

(ii) There exists a > and a dense and increasing sequence of finite subset Q n C A such 
that each ip n is a-Q n -injective; 

(Hi) The induced the map: $ : A — > qoo^B}) defined by it o {<p n }, where ir : 1°°({B}) — > 
1°°({B}) — * goo({i?}) is the quotient map, is a monomorphism. 

Proof. It is clear that (i) implies (ii). 

If (ii) holds, then ir o ({(p n }) '■ A — * qoo({B n }) is a homomorphism. Moreover, 

1 1 -71" o > cr 1 1 a 1 1 for all a £ A. 
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It follows that 7r o ({(p n }) is a monomorphism. 
If (iii) holds, then 

1 1 -7T o ({<£>n})(o)|| = f° r a h a G A 

It follows that 

lim ||(/9 n (a)|| = llall for all o£i. 

n— »oo 

□ 

Lemma 3.2. Let A be a unital separable amenable C* -algebra and let T : A + \ {0} — > (N,M+) 
oe a map. T/ien i/iere exists an increasing sequence of finite subsets {Gn\ C A^ u>ii/i zfs union 
being dense in A + satisfying the following: If B n is a sequence of unital C* -algebra and if 
cp n : A — > is a contractive completely positive linear map such that 

lim \\(p n (ab) - (p n (a)<p n (b)\\ = 

n— >oo 

/or all a £ A and each (p/. is T-Q n full, then the induced map = it o /rom A to goo({-Bn}) 
is a /u// map, where tt : Y\™ = i({B n } — > goo({-B n }) is t/ie quotient map. 

Proof. First we note that $ : ^4 — > goo({-Bn.}) is a homomorphism. 

Let {Q' n } be an increasing sequence of finite subsets of A + such that U^ =l Q' n is dense in 
A + . For each integer n > 0, define f\i^ n to be a positive continuous function on [0, oo) such 
that < flj^ /n {t) < 1, fy n 1/n (t) = 1 if t > 1 - 1/n, /^(t) = if i G [0, 1/n] and 
/iA t 1/n (0 = ^fortG[l/n,l-l/n]. 

Let ^ = {f\jn {9) ■■ g € A+D Q' n }. Define £ n = ^ U Now suppose that {ip n } is T-£ n 
full. 

Write T(a) = (T(a)^,T(a) R ) for all a £ A + \ {0}. Suppose that a G A + n (u£° =1 £„) is a 
non-zero element. It is easy to see that there are x\,X2, ...,xn G goo({-Bn.}) with \\xi\\ < T(a)iR, 
2 = 1,2, N and iV < T(a)pj such that 

AT 

^^(aJZj = l qoo ({ Bn })- 
i=l 

Thus ^(a) does not belong to any proper ideal of qoo({B n }). 

Suppose that b G A_\{0} such that <3?(o) G / for some (closed two-sided ideal) I of <7t»({-Bn})- 
Let J = {b G A : $(6) G /}. Then J is a (closed two-sided) ideal of A and for any non-zero 
a G A + n (U£° =1 £„), a ^ J. Let 6 G J+ \ {0} with ||6|| = 1. Let < 1/n < 1/16. There exists 
c G Af fl Q' n with ||c|| > 1 - l/8n such that 

||c-6|| < l/2n. 

By Lemma 2.7 of |19| . there is x G ^4 such that 

x*x = a = fy n (c) and xx* G 6A6. 

Therefore x*x £ J. This contradicts with the fact that a ^ J. 

□ 

Proposition 3.3. Zei A be a unital separable amenable C* -algebra and let B be a unital C*- 
algebra. Suppose that {<p n } is a sequence of contractive completely positive linear maps from A 
to B such that 

lim \\(f n (a)(pn(b) — (f n (ab)\\ = for all a, b G A. 

n— >oo 

Then there exists a map T : A + \ {0} -»Rx M + such that is a T-full asymptotic embedding 
if and only if tt o ({<p n }) is full. 
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Proof. Suppose that T : A + \{0} ^Nx R + is a map and {ip n } is a T-full asymptotic embedding. 
Then, for any a G A + \ {0}, let N = T(a)n and i? = T(a)R. Then there are x n ,i G ^4 with 
ll^n «|| < -Rj i = 1; 2, TV such that 



N 



^2x*n,i<Pn(a)x nji = 1 B . 
i=l 

Write Xj = {x n ,i} G (with \\Xi\\ < R). Then 

AT 

^7rpQ)*7ro ({(^ n })(a)vr(Xi) = ^({b})- 
1=1 

It follows that 7r o ({(f n }) is full. 

Conversely, if it o ({^n}) is full, then for any a G A + \ {0}, there is N > 1 and i? > 0, and 
there are yi G qoo({B}) such that ||yj|| < R, i = 1,2, N, and 

AT 

5^j/*7ro ({<p n (a)})y» = l goo ({#})• 
i=i 

There is X { = {x nti } G such that < R and TTpQ) = y u i = 1, 2, .... Then, 

A 7 



lim || y^ x* n iipn(a)xn,i - = 

=1 



for all a G A + \ {0}. Thus, for any a G A + \ {0}, there exits an integer n a > such that 

N 



^2 x n,i<Pn( a ) x n,i ~ 1 b\\ < 1/2 



i=l 

for all n > n a . One obtains an invertible positive element 6 n G -B+ with ||6 n || < 2R for all n > n a 
such that 

R 

i=i 

for all n > n a . 

Define T : 4+ \ {0} -» N x M + by T(a) N = iV and T(a) R = 212. Then {9? n } is T-full. 

□ 

Lemma 3.4. Zei A be a separable unital amenable C* -algebra inj\f. For any e > 0, any finite 
subset T d A and any T : A + \ {0} -»Nx R + , there exists a finite subset Q = Q(e, A) C A, 
S = 5{e,T,A) > 0, and a finite subset V = V{e,F,A) C K (A), an integer N = N(e,J r ,A) > 
and S = S(e, A, T) C A + satisfying the following: for any unital AF-algebra F with divisible 
Kq(F) and any T-S-full acontractive completely positive linear map f : A — > F with 

\\f(a)f(b) - f(ab)\\ < 5 and ||/(o)|| > l/2||o|| (e3.6) 

for all a,b G Q and any two unital Q -5 -multiplicative contractive completely positive linear maps 
ip, ip : A — > F with 

[<p]\v = [«l>]\v (e3.7) 
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there exists a unitaries u £ Mn + \{F) such that, 

N N 



||aduodiag(<£(a),/(a),/(a),...,/(a)) - diag(ip(a), f(a), f(a), f(a))\\ < e (e3.8) 
for all a € J 7 . 

Moreover, the assumption that Kq(F) is divisible can be replaced by K\(A) is torsion free 
and 

[f]\v = Mv- (e3.9) 

Proof. Suppose that the lemma is false. Then there are eo > and a finite subset J-q C A and 
T : A + \ {0} — > (N,R+) such that there are a sequence of decreasing positive numbers 5 n — > 0, 
an increasing sequence of finite subsets C A whose union is dense in A, an increasing 

sequence of finite subsets {V n } C Kq(A) whose union is Kq(A), an increasing sequence {k(n)} 
of positive integers for which lim n _ >QO k(n) = oo, an increasing sequence of finite subsets {S n } 
which satisfies the conclusion of 13.21 a sequence {F n } of unital AF C*-algebras with divisible 
Ko(F n ), and three sequences of £ n -<5 n -multiplicative contractive completely positive linear maps 
{(fn}-, {VVi} and {f n } from A into F n for which {f n } is T-S n full and for which 

[Vn]\v n = \Mv n , (e3.10) 

satisfying: 

fc(n) fe(n) 

/ * , , * , 

inf{sup{||u*diag((^ n (a),/ n (a),...,/ ri (a))u - diag (if) n (a) ,/„(«),..., / n (a)) || : a £ f } > e ,(e3.11) 

where the infimum is taken over all unitaries in M&( n ) +1 (.B n ). 

Let 7r : — > 9co({-^n}) De the quotient map. Put $ = 7r o {v9 n }, ^ = 7r o {VVi} and 

H = ir o {f n }. Then 3>, ^ and H are homomorphisms. By 13.21 ^ is a full monomorphism from 
A to qoo{{F n }). Moreover, by (|e3.10p . since each F n is AF (see Cor. 2.1 of [17J), 

$*o = **o- (e3.12) 
Since F n is AF, K\(F n ) = {0} and Ko(F n ) is torsion free. By Cor. 2.1 of [17], since F n are 

AF, 

K 1 (q oo ({F n }),Z/kZ)={0}, k = 2,3,.... (e3.13) 
Moreover (by Cor. 2.1 of [UJ), 

Xl(goc({^n})) = {0}. (e3.14) 

Since Ko(F n ) is divisible, 

JJiiro(i i, n,Z/fcZ)/© ri iifo(i i, n ) Z/*iZ) = {0}, i = 0,1, fc = 2,3,.... (e3.15) 

re 

By Cor. 2.1 of [T7], 

Kb(9oo({i iT n}),ZAZ) = {0}, i = 0,l, *; = 2 > 3,... (e3.16) 
Since ^4 is assumed to satisfy the UCT, we compute that 

[<!>} = [*] in i^L(Agoo({^}))- (e3.17) 
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If the condition that Ko(F n ) is divisible is replaced by K\(A) is torsion free and [/n]|p n = 
[yn]|p n; then we should get 

#*o = $*o = **o and K (A,Z/kZ) = K (A)/kK (A), k = 2,3,... (e3.18) 

Let Q C K(A) be a finite subset. There is an integer k > such that 

Qr\Ki(A,Z/mZ) = {0} for all m > k, (e3.19) 
kl-l 



i = 0, 1. Define H = H@H@---@H. By (|e 3.18p . (|e 3.131) and (le 3.140 . we compute that 

© #]lsni^(AZ/ m z) = [* © flllcnjfi^z/tnZ), (e3.20) 
if i = 2, 3, fc. By ()e 3.140 . we also have that 

[*©flllenJTi(A) = I® ® H]\ QnKl{A) . (e3.21) 

We conclude that 

[§©fl]]| e = [tf©fl]]| c . (e3.22) 

Using either (je 3.170 or (je 3.220 with sufficiently large Q (which depends on eo and Tq) (and 
hence large k), and by applying 3.9 of we obtain an integer K > and a unitary U G 
M 2jr+1 (M fc! ( 9oo ({F„}))) such that 

2A - 2K 

. * , , * , 



||£/*diag($(a) © H(a), H(a), • • • H(a))U - diag(#(a) © H(a), H(a), ■ ■ ■ H{a))\\ < j (e 3.23) 

for all a € J 7 . Choose N = (2K + l)(k\ — 1). It is easy to see that there is a unitary W = {w n } G 
l°°({B n }) such that ir(W) = U. Therefore, there is A?o > such that, for any n > Nq, 

N N 



Kdiag((/? n (a),/ n (a),...,/ n (a))u-diag(^ n (a),/ n (a),...,/ n (a))|| < — (e3.24) 



for all a G J-q. 

The above estimate (|e 3.240 contradicts with (|e 3.110 . 



□ 



Definition 3.5. Denote by Cq the class of unital C*-algebra C with the form C = M n (C(X)), 
where X is a compact subset of a finite CW complex, n is a positive integer, P G M n (C(X)) is 
a projection. Note that X is not assumed to be connected. 

Recall that a C*-algebra is said to be AH, if it is an inductive limit of finite direct sums of 
C*-algebras in Co. 

The following follows from the results in [31J immediately. 

Theorem 3.6. Let C be a unital AH-algebra and let A be a unital simple C* -algebra with tracial 
rank zero. Suppose that hi, h 2 : C — ► A are two monomorphisms such that 

[h^ = [h 2 ] in KL(C,A) and (e3.25) 

T o hx{f) = to h 2 (f) for all f EC and r G T{A). (e3.26) 

Then h\ and h 2 are approximately unitarily equivalent, i.e., there exists a sequence of unitaries 
{u n } C A such that 

lim adu n o h x (f) = h 2 {f) for all f G C. (e3.27) 
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Proof. First, we note that it follows from Cor. 4.8 of [31] (see also 3.4 of [31]) that the theorem 
holds for C € Co- The case that C is a finite direct sum of C*-algebras in Co then also follows. 

Now we assume that C = lim n _ >00 (^4 n , y? n ), where each A n is a finite direct sum of C*- 
algebras in Co . Since the quotients of C*-algebras in Co are still in Co , without loss of generality, 
we may assume that each <p n is injective. Denote by <p nt00 : A n — > C the embedding induced by 
the inductive limit (note we now assume that each ip n is injective). 

Let e > and let T C C be a finite subset. Without loss of generality, we may assume that 
T C i Pn,oo{.A n ) ■ Denote by J- 1 C A n the finite subset so that (p n ,oo 

Now 

[hi ° ^n,oo] — \h<2 ° ty'n.oo] in KL(A n ,A) and 

Tohxo <p nt00 (f) =roh 2 o ip n>0O (f) 

for all / € A n and r £ T(A). By what we have shown (by applying [31]) for the cases that 
C*-algebras are direct sum of C*-algebras in Co, we obtain a unitary in A such that 

adu o hi o yj n>00 ss e /i 2 o (p Uj00 on J"'. 

It follows that 

ad u o hi ~ e hi on J 7 . 

□ 

4 AH-algebras 

Theorem 4.1. Let A he a unital AH-algebra. Then A can be embedded into a unital simple 
AF-algebra if and only if A has a faithful tracial state. 

Moreover, if t is a faithful tracial state, then there is a unital simple AF-algebra B with a 
unique tracial state r such that (Kq(B), Kq(B) + , [1b]) = (O, ID5 + , 1), where B is a divisible count- 
able dense additive subgroup of K, Kq{B) = pb(Kq(B)) and there is a unital monomorphism 
(p : A —> B such that 

T O if = t. 

Proof. Let t be a faithful tracial state on A. Write A = lim n —, 00 (A n , h n ), where 
A n = ®i=iPn,jMdU n )(C{X ni i))P ni j, where each d{i,n) is a positive integer, X n> i is a compact 
subset of a finite CW complex and P n j € M ( j i u n \(C(X n; i) is a projection and each h n is injective. 
Moreover, we assume that there are integers r(n, i), s(n, i) > and a projection 

Qn,i € M s ( n i )(P n jM d (j n )((7(X n)i ))P n j) 

such that 

Qn,iM s fa t ty{P n jMd(i jn )(C(X n) i))P n j)Q n> i = M r ( n)l -)(C(X n)l -)). 

We extend the monomorphism h n>00 : M s ^(P n> jM d ^ tn ^(C(X nti ))P n! j) -> M s ( n ^(A). To sim- 
plify notation, we may identify Q n ^M s ^ n ^{P n jM d{itri) {C{X n ^))P ntj )Q n ^ with M r{n ^(C(X n)i )). 

Let e^y be a rank one projection in M r r n ,i){C(X n ^)). Consider the monomorphism h$ t00 : 

e^' 1 ' M r(jl ^(C(X nii ))e^ -> /i ni00 (e["'*' ) )M ;s ( ni j ) (A)/i n)00 (e^' l) ) which is the restriction of /i n>00 . 
Note that 

C{X nti ) - e^' i) M r(nii) (C(X ni ,))e^ i) . 

We use t for i ® Tr, where Tr is the standard trace on M r r n ^y This gives a strictly positive 
probability Borel measure /i nj j on X n ^. As in 3.2 of [32J, one obtains a sequence of partitions 
V m '■ Y nj i(m,j), j = 1,2, ...c(m), which has the following properties: 



9 



(1) Y n;i (mJ) ny^m,/) = 0, if j + j' , 

(2) lim m -^oomax{diam(y ra) i(m, j) ) : j = 1,2 , ...,c(m)} = 0, 

(3) int (Y n>i (m,j)) C Y nti (m,j) C Y nti (m,j) and each Y n ,i(m,j) is a Borel set, 

(4) /*r.,i(9(y„,i(m,j)) = 0, 

(5) x Il , i = u J S ) yn, i Ki). 

Moreover, Y n ^{m,j) is a union of finitely many members of Y n ^{m + 1, j')- 
Put D Uj i = {fJ> n ,i(Y n ,i{m, j)) ■ m, j}. Let B be the additive subgroup of R generated by Q 
and all D n ^. Then B is a divisible countable dense subgroup of R. Let C be a unital simple 
AF-algebra with (Kq(C), Kq(C), [lc]) = (B,B + , 1). Let r be the unique tracial state on C. 

Fix n, let R(n) = max{r(n, i) : i = 1, 2, ...,d(n)}. There are mutually orthogonal projections 
Pn,i G A^R(n) (C) such that 

r(p n ,i) =io/t n>00 (e^), i= l,2,...,d(n). (e4.28) 

Fix i and m, there are mutually orthogonal projections {g n ,i(^, j)} C p n ,iCp n ,i such that 

c^e^m, j)) = fJ, n ,i(Y n)i (m, j)), j = l,2,...,c(m). (e4.29) 

If, for some finite subset J, ^2j/ G jY nt i(m + l, j') = Y n ^{m,j), then there are mutually orthogonal 
projections e nti (m + l,f) E e n>i [m,j)Ce nji {m,j) such that 

en,i(m+ 1, /) = e nti (m,j) and (e4.30) 

j'e,/ 

r(e nii (m+l,i')) = Mn,i(^n,i(m + 1,/)). (e4.31) 

Therefore 

{e n ,i(rn, j) : j = 1,2, ...,c(m),m = 1,2, ...} 

is a set of mutually orthogonal projections. Let C(n,i) C p n ,iCp n ,i be the C*-subalgebra gen- 
erated by {e nj j(m, j) : 1 < j < c(m),m G N}. 
Define /i m : C(X nji ) -> p n ,iCp n ,i by 

c(m) 

= E /(£n,i,mjK,iKi) (e4.32) 

for / G C(X nj j), where Cn,i,m,j G Y n ^(m,j) is a point. By (2) above and (|e4,30p . for each n and 
ij {^m' ! '(/)} is a Cauchy sequence. Define 

h^\f)= lim (e4.33) 

m^oo 

for / G C(X n)i ). We extend, for each n and i, : M r ^ n ^(C(X n ^)) -> M r(jl ,i)(Pn,iCPn,i)- 

By (|e4.28p . (|e4.29p and (|e 4.32|) as well as (|e 4.33|) . we obtain a monomorphism : A n — > 
Mji( n \ (C) such that 

r o h (n) (a) = i o /i nj00 (a) (e 4.34) 

for all a G A n . Since 

r(/i (n) (Uj) < 1 and kerpc = {0}, (e4.35) 
there is a unitary v n G Mw n ) (C) such that ad i> n o maps A n into C such that 

r o adu n o /?/ n ) (a) = i o h nf00 (a) (e4.36) 
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for all a £ A n . It follows that, for any n' > n, 

r o ad?v o /i( n ') o h n , nl (a) = t o h n ' j00 o h n , n i{a). (e4.37) 

This implies (kerpc = {0}) that 

(adu n / o /i( n ') o ^ n>n /)* = (adu n o h^)^ . (e4.38) 

Since K\(C) = {0}, Kq(C) is torsion free and divisible, we have 

{adv n , o /j( n ') o h n , n ,] = [adv n o fcW] in ETL(^„, C). (e4.39) 

Combining (je4.39p and (je 4.37j) . by applying 13.61 and passing to a subsequence, if necessary, 
we obtain unitaries u n € C such that 

adn ra+ i o adu n+ i o /i( n+1 ) o h n adt>„ o ftA n ) on ,F n . (e4.40) 

Put 93 n = adii n oad v n oh^ n \ n = 1,2, .... Thus we obtain the following approximate intertwining: 





h A 2 


A 2 


A 3 




A 




l<£>2 










C 


idc c 




c 


idc 


■ C 



Thus, since each <p n is injective, we obtain a unital embedding (p : A — > C such that TOip{a) = 
t(a) for all a £ A. 

□ 

Corollary 4.2. Let A be a unital AH-algebra and let a € Aut(A). Suppose that A admits a 
faithful a-invariant tracial state t. Then there is a unital simple AF-algebra B with a unique 
tracial state r and with (Kq(B), Kq(B) + , [1b]) = (ft, B + , 1), where B = pb(Kq(B)), and there 
is a unital embedding (p : A — > B such that 

TO(poa = TO(p. 
Furthermore, we may assume that B is divisible. 

Proof. In the proof of 14. H we may begin with the tracial state t. Thus 

TOipoa = toa = t = TO(p. 

□ 

The following is certainly known. 

Corollary 4.3. Let A be a unital AF-algebra. Then A can be embedded into a unital simple 
AF-algebra if and only if A admits a faithful tracial state. 

5 Crossed products of AH-algebras by Z 

The following is proved in [33J. The constant 5 and the finite subset Q can be chosen independent 
of A and h but they are dependent on a measure distribution. Please see 2.10 of [33J for the 
definition of Bott(/i, v)\p. See 2.10 and 2.11 of [33] also for the definition of bottx {h, v) which is 
related to the usual bott element botti(it, v) for a pair of unitaries. 
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Theorem 5.1. ([33]) Let A be a unital AH-algebra and let B be a unital separable simple C* - 
algebra of tracial rank zero. Suppose that h : A — > B is a unital monomorphism. Then, for any 
e > and any finite subset J 7 C A, there exists a positive number 5, a finite subset Q C A and 
a finite subset V C K(A) satisfying the following: suppose that uu,u G U(B) are unitaries such 
that 

||adu> o h(a)u — u&dw o h(a)\\ < 5 for all a G Q and Bott(adw o h, u)|-p = 0. 
Then there is a continuous rectifiable path {ut : t 6 [0,1]} C U(B) such that 

uq = u, u\ = 1b an d 

||adw o h(a)ut — ut&dw o h(a)\\ < e for all a £ J 7 and for all t G [0, 1]. 

Moreover 

IK - u t '\\ < (2vr + e)\t - t'\ for all t,t' G [0, 1]. 

In particular, 

Length({ut}) <2ir + e. 

Using the above theorem, we obtain the following: 

Lemma 5.2. Let A be a unital AH-algebra and let B be a unital separable simple C* -algebra of 
tracial rank zero. Suppose that h : A — > B is a unital monomorphism. 

Then, for any e > and any finite subset T C A, there exists 5 > and a finite subset 
G C A satisfying the following: If there is a continuous path of unitaries {ut : t G [0, 1]} such 
that u\ = 1b, 

\\h(b)u t - u t h(b)\\ < 5 for all b G Q and t G [0, 1], 
then there is a continuous path of unitaries {wt : t G [0, 1]} such that 

w = n , wi = 1 B , 

\\h(a)wt — wth(a)\\ < e for all a £ J 7 and for all t G [0, 1]. 

Moreover, 

\\ut ~ Uf II < (2tt + e) \t-t'\ for all t, t' G [0, 1] . 

Proof. Fix e and a finite subset J- C A. Without loss of generality, we may assume that J- 
is in the unit ball of A. Let 5\ > and Q\ C A and V C K_(A) be finite subsets required in 
15,11 for the above e and T. We choose S2 > and a finite subset Q' 2 C A C(S 1 ) so that for 
any <52-^2- miu tiplicative contractive completely positive linear map Li,L 2 : A <S> C(S 1 ) — > B, 
[-^i] 1/3(7?) is wen defined for i = 1, 2 and 

[Ll] |/3(7?) = [£2] 1/3(7?)) 

provided that 

Li «(5 2 L 2 on £ 2 . 

(see 2.4 of [33] and 2.10 of [33] for the definition of Bott map j3). 

Without loss of generality, by choosing smaller 5 2 , we may assume that Q' 2 = Q 2 <8> S, where 
S = {1(7(51), z} and z is the identity function on the unit circle. 

We may assume that JF U Q\ C Q 2 and 8 2 < min{e, 5\}. 

Let 63 > (in place of e) and G3 C A (in place of be a finite subset required by 2.7 of 
[33] for #2/2 (in place of e) and £2 (in place of T 2 ). 
Let 5 = min{(53, <5 2 } and Q = £3 U C/2- 
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We may assume that Q% is a subset of the unit ball of A. 

Now suppose that {wt : t G [0, 1]} and h are in the lemma for the above 6 and Q. 
It follows from 2.7 of [33] that there is, for each t, an ^-^-multiplicative contractive com- 
pletely positive linear map ipt '■ A <g> C(S 1 ) — > B such that 

||^ f (a®l)-/i(o)|| <S 2 /2 and ||^(a ® g) - h(a)g (u t )\\ < S 2 /2 (e5.41) 

for all a G Q 2 and g G S. 

There is a partition = to < ti < ■ ■ ■ < t m = 1 such that 

IK_! -i^H < S2/2, i = l,2,...,m. (e5.42) 

It follows from (Ie5.41|) and (le5.42D that 

II V'ti-i (« ® g) - ipu ( a ® 5) II < ^2 for all a G £7 2 and 5 € 5. (e 5.43) 

Moreover, 

\\^t m { a ® 9) ~ K a )\\ < ^2 for all a G & and g G S 1 . (e5.44) 
It follows (from the choice of 5 2 and C/2) that 

[&J/9(7>)=0. (e5.45) 
Therefore, by the choice of #2 and £2, and by (je 5.45p . 

[Vto]l/3(P)=0. (e5.46) 

In other words, 

Bott(/i,«o)|p = 0. (e5.47) 

Since 5 < <5i and (?i C ^2, by applying 15.11 we obtain a continuous path of unitaries {wt : t G 
[0, 1]} such that 

tto = U0) u\ = 1b and ||/i(a)ut — uth(a)\\ < e for all a E J 7 and f G [0, 1]. 

Moreover, 

\\ut ~ u t '\\ < (2vr + e)\t- t'\ for all t,t' G [0, 1]. 

□ 

Definition 5.3. Let A be a unital separable C*-algebra and let B be a unital C*-algebra. 
Suppose that h : j4 — > B is a unital monomorphism. We say /i satisfies property (H) for a 
positive number L, if the following holds: For any e > and any finite subset J- C A, if there is 
a continuous path of unitaries {vt : t G [0, 1]} in 5 with i?(l) = 1 such that 

ll^adu; o h{a) — &dw o fo(a)ut|| < 5 for all a£§ and t G [0, 1], 

where w G -B is a unitary, there is a continuous path of unitaries {ut ■ t G [0, 1]} such that 

^0 = ^0; f 1 = 1 and H^tadiu o h(a) — adtw o h(a)ut \\ < e 

for all a G J 7 and all f G [0, 1]. Moreover, 

IK - II ^ L \ l ~ t '\ for a11 M' e [0, 1]. 
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It should be noted that a rectifiable continuous path with length, say 2n + e, may not have 
the Lipschitz condition. 

The following lemma is taken from [33]. The proof is also the same as in |34| . However, 
since it has different assumption and slightly different conclusion, for the convenience, we will 
present the proof here. 

Lemma 5.4. (Proposition 1 of [33]) Let A be a unital separable C* -algebra, let B be a unital 
simple separable C* -algebra of tracial rank zero, let ip : A — > B be a unital embedding, let 
a E Aut(A) and let flo E Aut(B) be automorphisms. 

Suppose that ip o a has the property (H) for a positive number L > and suppose that there 
is a continuous path {v(t) : t E [0, oo)} of unitaries in B dtilA satisfying the following: 

lim \\ip o a(a) — adv(t) o (3 o (p(a)\\ = 

t— >oo 

for all a G A, where (3 = (3q ® a and U and a are defined in \2.(A 
Then there are unitaries w, V n E B <g>l4 (n = 1,2, ...,) such that 

ip' o a = ad w o (3 o y/, 
where (p'(a) = liuin^oo ad (V1V2 • • • V n ) <P- 

Proof. To simplify notation, we may assume that B = B ®IA. Note that (3 is an approximately 
inner automorphism on B which satisfies the cyclic Rokhlin property of 12.61 

Let {Fn} be an increasing sequence of finite subsets of the unit ball of A such that U^ =1 ^ r n = 
A. Let Ni > such that 

L + 1 / \ 

< 1/16. (e5.48) 



iVi - 1 



Since <p o a has the property (H) for the constant L > and for e = 1/16 and T = 
\J^lQcr l (T\), we let r\\ > (in place of 5) and Q\ d A (in place of (?) be a finite subset which is 
required in 15.31 We may assume that T\ C Gi ■ 

Choose < St < min{^, 

By replacing (3 by ad o u(io) /3, we may assume that v(0) = 1 and 

\\tp o a(a) — &dv(t) o (3 o </j(a)|| < — (e5.49) 

iJVi-l 



for all a E U i= x a 1 {Q\) and t E [0, 00). In particular, 

H93 o a(a) — (3 o ip(a)\\ < 5\/2 and (e5.50) 
\\v(t)ip o a(a)v(t)* -tpo a(a)\\ < 5 1 /2 (e5.51) 

for all a E U^^^^i). 

Choose N 2 > iVi such that ^^j- < 

Let 1 > r/2 > 0, (?2 C A be a finite subset corresponding to 1/4 3 and U^q -1 a~'' '(^2) in 15.31 
(for ipoa and L > 0) . 

Choose £2 > such that £ 2 < min{^-, 4 2^ N i +N2 ^ }• 
There is ii > such that 

1 1 (/j o a(a) — &dv(t) o (3 o (p(a)\\ < — (e5.52) 
N 2 -l-i 



for all t > h and a E Uj!? 1 ~ i a - »(&)- 
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For t S [0,ti], we define 

Uo(t) = 1, u x (t) = v(t), u 2 (t) =v(t)P(v(t)) (e5.53) 

u 3 (*) = v(t)(3(v(t))(3 2 (v(t)),.... (e5.54) 

By ( MM ), 

(p o a ~fc5 x /2 P k ° <P ° oT k+1 on Q\ (e5.55) 

k = 1,2,..., Nx. Thus, 

\\[u k (t),<poa(a)}\\ = \\[v(t)(3(v(t)).--(3 k - 1 (v(t))^o a (a)]\\ (e5.56) 

= \\v(t)(3(v(t)) ■ ■ ■ p h -\v(t))(p o a(a) - v(t)ip o a(a)/3(w(t)) • • • ^ fc - 1 (v(t))|| (e5.57) 
+ |K% o a(a)/3(u(t)) • • • /3 fc_1 («(*)) "P a(a)u(t)/3(t;(t)) • • • P k ~Hv(t))\\ (e 5.58) 

= • • • (3 k - l (v(t))v o a (a) - ^ o a(a)/3(u(t)) • • • >3*— 1 C« C*) ) 1 1 (e5.59) 

+ ||i;(t)p o a(a) — y> o a(a)u(f)[| (e5.60) 

= ||0(v(t)) • • • (3 k -\v{t))y o «(a) - 0(t;(t))¥> o a(a)/3 2 (t;(t)) • • • Z^ 1 ^))!) (e5.61) 

+ ||/3(«(*))p o a(a)/3 2 (t;(i)) • • • (3 k '\v(t)) - <p o a(a)/3(t;(t)) • • • (*(*)) II (e 5-62) 

+ || ° — 9? ° a(a)v(t) || (e5.63) 

= \\l3 2 {v{t)) ■ ■ ■ f3 k - l (v(t))ip o a (a) - p o a{a)f3 2 (v(t)) ■ ■ ■ f3 k -\v(t))\\ (e5.64) 

+ ||^(i)(i))^a(o) -poa(a)/?(i;(t))|| (e5.65) 

+ ||u(t)<£ ° — <f o a(a)v(t)\\. (e5.66) 

(e5.67) 

It follows that 

fc-l 

tp o a(a)}\\ < £ ||/3>(t)V o a(a) - p o a(a)^'(u(t))||. (e 5.68) 

3=0 

Thus, for k<Ni,by (le 5.551) and by (Ie5.51|) 

fe-i 

||Mt), V oa(o)]|| < ^\\\P(u(t)),<poa(a)]\\ (e5.69) 

i=o 

fc-i 

< ^GI^'M*))/? 7 ' o<^oa--»' +1 (a) -/3 j o^o a --'' +1 (a)/3 J '(t;(t))|| + jSx) (e5.70) 
i=o 

fe-i 

< ^(||v(t)^oa^' +1 (a) -^oa-J' +1 (o)u(t)|| + j<5i) (e5.71) 

3=0 

< miSx/2 + (iVi - < JV?Ji < t?i (e5.72) 

for all a £ G\ and i € [0, ii]. 

Applying the property (H) for L > 0, we obtain a continuous path of unitaries {w(t) : t € 
[0, 1]} be such that 

w(0) = u Nl {t 1 ), w(l) = 1 

\\w(t) -w(t')\\ < L\t-t'\ and || [w(t), tp o a(a)] \\ < — (e5.73) 

15 



for all t,t' £ [0, 1] and a G U^^aT*^). 

Let = sq < s\ < ■ ■ ■ < sjvi-i = 1 such that 



\si - fli_i| = — — , i = l,2,...,iVi-l. (e5.74) 



Put S 1 = io(sj) : j = 0, 1, 2, Ni — 1}. Since (3 has the cyclic Rokhlin property (see !2.6p . 

we obtain mutually orthogonal projections e±, e 2 , •••> e Ar a £ jB such that X]j=i e « = 1b and 

"'^"K ^-i) ' ' L2 v ( e5 - 75 ) 

for b G U^VVOS) u U^aT^i) U ^(ufi a^' +1 (^i)) and with e Nl +i = e h 

W^)-^\\< 128Nl ( Nl _ iy i = ^..,N 1 . (e5.76) 

Define 

^ = E^-i^)^'" 1 ^^-!))^- (e5.77) 

3=1 

Denote e' = 12 8Af 1 (jv 1 -i) • We estimate that, using (je 5.76P and (je 5.75j) and the fact that 
e^e-,- = (for i ^ j), as well as (je 5.73j) and (je 5.74j) . 

«37V 1£ ' ^e i ^-i(ti)/9 i - 1 (u;( S ,_ 1 )) e ,^- 1 (u;( Sj _ 2 )*)/3(n i _ 2 (t 1 )*) (e5.78) 

3=1 

~27V 1£ '+^ei e J ^ i -i(t 1 )/3('U i _2(ti)*)ej (e5.79) 
1 1 3=1 
Ni 

~at 1£ ' 5J«(*i)ej = (e5.80) 

3=1 

Similarly, we then estimate that 

\\Z*Z-1 B \\ < —r^- r and \\ZZ* - 1 B \\ < —— -. (e5.81) 

11 11 32(iVi-l) " 11 32(JVi-l) v 1 

It follows that there is a unitary V\ G B such that 

111/1 " 211 < mhry (e5 ' 82) 
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We also estimate that 

Ni 

Zip o a(a) = u j-i(ti)fl : '~ 1 ( w ( s j-i)) e j i P a ( a ) (e5.83) 

3=1 

JVi 

~ 3JVl£ , + M ^e j u j _i(ti)/? J ~ 1 (u;(s i _i)v9oa" J+2 (a))e i (e5.84) 
2 i=i 

~i/i6 ^e jUj _ 1 (f 1 )^'- 1 o^o a ^+ 2 (a)^- 1 ( U ;( Si _ 1 ))e i (e5.85) 
i=i 

iVi 

?ti N 1 6 1 ejUj-\(t{)ip o a(a)/3 J_1 (t(;(s,-_i))e,' (e5.86) 

JVi 

~«5i/2 ^e i v7 0Q(a)n i _i(ti)/?- ?_1 (^(s i _i))e j (e5.87) 
i=i 

~37Vie' (poa(a)Z (e5.88) 

for all a € T\. 

Note that, since e7v 1+ i = e±, 

u (ti)w(0)ei = UNi(ti)ei = un 1 (t)(3 Nl (u;(ijv 1 -i))ejv 1 +i. 

Since {e^ : 1 < i < Ni} is mutually orthogonal, as above, we also have 

Ni 

v(h)f3(Z) = v{t 1 )Y,^ 3 -i{ti))li j {w{t^ 1 ))(3{e j ) 

3=1 

Ni 

^ e j+1 v(t 1 )(3(u j - 1 (t 1 ))(3 : >(w(t j ))e j+1 

AT-i - 1 i! — ' 

i=i 

«22Vie' ^Uj-(ti)^ J (w(t J -))ej-+i 
i=i 



Therefore (by (Ie5.82|) ) 

,i /, ^onr^ mi , (4 + 128 + 2)L . 2L 1 

It follows from that 

IK*i)- WVi)*|| < i/8. 

By jeH), I|e5.84|> . (|e5.85|) . (lelTMl) , (jeOTjl . (je 5.88j> and deOSl) 



2 16 2 2 1 8(JVi - 1) 

< 1/4 



e5.89) 

e5.90) 

e5.91) 

e5.92) 
e5.93) 

e5.94) 

e5.95) 

e5.96) 
e5.97) 
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for all o£fi. 
Define 

z x = V?v(ti)P(Vi), ^ = adFi o tp, 

1 = adz{oj3 and ux(t) = V?v(h)v(t + t\)V\. 

Then 

adm(t) o ft o Vl (a) = u^tfzMVryp o ^(0)^(^1 ))^«i(t) 
= V?u(t + *i)M*i)*WiMfi)/3 o ¥>(a)t;(ti)*yi)Vt«(ti)«(i + 
= + *0*^ V(°M* + (e5.98) 

for all a € A. It follows that 

lim ad«i (f) o /3j o (a) = lim ad + ii)Vi) o /3 o ip(a) (e5.99) 

t^oo t— >oo 

= ad Vi o y> o a(a) = cpi o ct(a) (e 5.100) 

for all a G A 

We also have m(0) = 1. By (Ie5.94p . 

- 1|| = WVMhMVi) - V?Vi\\ < ~ (e5.101) 

o 

By gSM , 

\\(pi o a(a) — ad«i(i) o ft o ipi(a)\\ 
= ||<poo(o) -adv(t + ti) o/3 099(a) || < y (e 5.102) 

for all a G U^o" 1 ^) and all t G [0, 00). 

With (je 5.99j) . (|e 5.100|) and (|e5.102p . we will repeat this process. To repeat the process, we 
also note that, by 12.61 Pi has the cyclic Rokhlin property in the sense of 12.61 

By repeating the process, we obtain sequences of unitaries {V n } and {z n } of B such that 

\\[V n ,^oa(a)\\<^ (e5.103) 



for all a G J- n 



W-l\\<^, (e 5.104) 



n = 1,2, .... Moreover, with 

ip n = ad (V1V2 ■ ■ ■ Vn-iVn) ° V and (3 n = ad [z\z\ ■ ■ ■ z*_ x z*) o ft 

(p n oa « & ft o (p n on F n , (e 5.105) 

2 

n = 1,2, .... By (je 5.103p . there exists a homomorphism p' : A — > B such that 

ip (a) = lim cp n (a) for all a G A 

n^oo 

Since each </? n is a monomorphism, so is <p' . By (|e 5.104p . we obtain a unitary to G B such that 

u> = lim z\z\ ■ ■ ■ z*_iZ^- (e5.106) 

It follows from (je 5.99|) and (je 5.1001) that 

ip 1 o ol = ad W o /3 o ip , 

□ 
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Corollary 5.5. Let A be a unital AH-algebra, let a G Aut(A) and let B G J\f be a unital 
separable simple C* -algebra with tracial rank zero. Suppose that there is a unital monomorphism 
h : A — > B such that there exists a continuous path of unitaries {U{t) : t G [0, oo)} of B satisfying 
the following 

lim ad U(t) oho a(a) = h(a) for all a £ A. 

t— >oo 

Then ix a Z can be embedded into a unital simple AF-algebra C. 

Proof. We first note that A®U also satisfies the conditions in the statement above with a 
replaced by a ® a and B replaced by B ® U, and h by the monomorphism h! defined by 
h'(a ® b) = h(a) (g> b for all a G A and b G U. So we may assume that a satisfy the cyclic 
Rokhlin property. Next we note that, by 15.21 any unital monomorphism from any unital AH- 
algebra to a unital separable simple C*-algebra with tracial rank zero has property (H) for 
L = 2n + 1. So, in particular, h has the property (H). Let r G T(B) be a tracial state and let 
B be the range of r on Kq(B). There is a unital simple AF-algebra B\ with a unique tracial 
state such that (Kq(Bi), Kq{Bi) + , [IbJ) = (B,B +J 1). By the classification theorem of [27], B 
is a unital simple AH-algebra with real rank zero and with no dimension growth. By [15], there 
is a unital monomorphism ip : B —* B\. Denote by C = B\ ®li and j3 = id^ ® o~. It follows 
from 15.41 (and using the cyclic Rokhlin property — see Lemma 4.1 of [32]) that there is a unital 
monomorphism tp : A*A a 7L — > C x^ Z. Since (/3)*o = idx (c) an d has the cyclic Rokhlin 
property, it follows from Theorem 3.4 of [30] that C X/j Z has tracial rank zero. It follows from 
the classification theorem (see [27] and [26] ) that C x p 7L is a unital simple AH-algebra with 
slow dimension growth and real rank zero. It follows from [15] that C Z can be embedded 
into a unital simple AF-algebra. It follows that A x a Z can be embedded into a unital simple 
AF-algebra (with a unique tracial state). 

□ 

Lemma 5.6. Let A be a unital separable amenable C* -algebra. Then for any finite subset 
V C K\(A), there exists 5 > and a finite subset Q C A satisfying the following: For any pair 
of automorphisms 01,02 £ Aut(A), any unital homomorphism h : A — ► B (where B is a unital 
C* -algebra) and any unitary u G U(B), if 

|| [h o cti(a), u] || < S for all a G Q and (ai)*i = (— 0.2)*!, (e 5.107) 

then 

botti(h o ai, u)\-p = — botti(h o a 2 , u)\-p. (e 5.108) 

(see 2.10 of [33] for the definition of botti(<^, u)) 

Proof. Suppose that there is a unital C*-algebra B, there is a homomorphism H : A — > B and 
a unitary U £ B such that [-ff(a), i7] = for all a £ A. 

Let $ : A (8) C^S 1 ) — > 1? be the homomorphism defined by $(a <8> /) = H(a)f(U) for all 
a G A and / G C^S 1 ). Let /? : Ki(A) -» K (A C(5 1 )) be the homomorphism given by the 
tensor product. Then botti(.£f o Oj, U) = "3>*o o (3 o (aj)*i, i = 1,2. It follows that 

botti(.ffoai,Z7) = -botti(fl"o «i,C7). (e 5.109) 

To see the lemma holds, we assume that it fails. We then obtain a finite subset V C 
Ki(A), a sequence of unital C*-algebras B n , a sequence of decreasing positive numbers {8 n } 
with linin^oo 5 n = 0, an increasing sequence of finite subsets Q n C A such that U^ =1 Q n is dense 
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in A and a sequence of unital homomorphisms h n : A — > £? n , and a sequence of unitaries u n 6 B n 
such that 

|| [/i n (a), u n ] || < <5 n for all a £ Q n and (e 5.110) 

botti(/i„ o ai,-u,„)|p / -botti(/i„ o a 2 ,n n )|-p (e 5.111) 

(for all sufficiently large re). 

Define a map H : A — > and a unitary f7 = Denote by 7r : Z°°({£? n }) — » 

Qoo({B n }) the quotient map. Denote by H = ir o H and U = tt(U). Then 

[B(a),U] = for all a e A. 

It follows from what has been proved, 

botti(.ffo = -botti(H oa 2 ,U). (e 5.112) 

Then, for any sufficiently large re, 

botti(/i n o a\,Un)\v = -botti(/i n o a 2 ,u n )[-p. (e 5.113) 

This contradicts with fje 5.111]) . 

□ 

Lemma 5.7. Lei A be a unital AH-algebra and let B be a unital separable simple C* -algebra of 
tracial rank zero with K\(B) = {0} and divisible Kq{B). Let a, k E Aut(A) be automorphisms 
with k*i(x) = —x for all x € K\(A). Suppose that there is a unital monomorphism ip : A — > B 
such that 

[ip o a] = [<p] in KL(A,B) (e 5.114) 

and 

TO(poa = Toip (e5.115) 

for all r 6 T(B). Suppose also that there is a continuous path of unitaries {V(t) : t E [0, oo)} of 
B such that 

lim ad V(t) o ip o a o k(o) = ip o ko a(a) (e 5.116) 

t^oc 

for all a € A. 

Then there is a unital monomorphism ip : A — ► M 2 (B ® IX) and there is a unitary w € 
U(M 2 (B ®U)) such that 

i/>oa = adwo(idg®(T)of/i. 

Proof. To simply notation, we may assume that B = B ®IA and denote /3 = ids <8> cr. It is well 
known that (3 is approximately inner. 

It follows from Theorem 13.61 (je 5.114j) and (je 5.115j) that there exists a sequence of unitaries 
{u n } C B such that 

ip o a (a) = lim adu„ o j3 o </?(a) (e 5.117) 

n^oo 

for all a € A. 
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Define ipo,i>o ■ A -> M 2 (B) by 

if O K 



^,(a) = ( ^ ° ) and (e 5.118) 



- (ipoa{a) \ , , nn , 

V>o = n / \ J (e 5.119) 

V 99 o a o k(o) y 

for all a£ A. Define /3< 2 ) = f3 <g> id M2 - 

It follows from ()e 5.117H . by passing to a subsequence if necessary, with U n — diag(w n , Z£ n ), 
we may assume that 

•fata) = hm adU n o 0^0(0) (e 5.120) 

for all a & A. 

Let T\ C J-2 • • • C C • • ■ be an increasing sequence of the unit ball of B such that the 
union is dense in the unit ball of B. 

Let 1 > e n > such that Yl^Li e « < 00 ■ For : A — > M%{B), there exists <5^ > 0, a finite 
subset G' n <Z A and a finite subset "P n C if (.A) required bv l5.1l for e n and .F n . By choosing larger 
Vn, we may assume that if x € V n , —x € 7-V For each n, choose < 5 n < 5' n and a finite subset 
Q n D Q' n required in ESI for V n n K X (A). 

Without loss of generality, we may assume that Q n are in the unit ball of A, T n C Q n C Gn+i, 
n = 1,2,.... Put S = {l^^i), z}, where z € C(S 1 ) is the identity function on the unit circle. 
Here we also assume that for any 5 n -Q n <g> S- multiplicative contractive completely positive linear 
maps Li, L2 : A <g> C(S 1 ) — > -B (for any unital C*-algebra 5), [X»i][p n is well defined and 

[£i]|"P„ = Mbn) 

provided that 

Li ~5 n £2 on Q n . 

We may assume that 

ipo ~s n /4 ad J7„ o /?( 2 ) o ^ on Q n . (e 5.121) 

Put W(i) = diag(l, V(t)). There are t n < t n+ \ — > 00 such that 

ad W(t) o ip & Sn /4 ip oa on Q n (e 5.122) 



for all t > t n , n = 1, 2, . 
Put 



and 



^n(t) = f U> n n+1 ^ |^ /1 , ^ V (e5.124) 

V <y(t n )*y(t n+ i + (i n - t n+1 )t)u n+ ij 

for i G [0, 1]. So {Z n (t) : t G [0, 1]} is a path of continuous unitaries, Z n (0) = Z n and 

^n(l) = f <n n n+1 ° W^n+i- (e5.125) 

V U u n u n+lJ 
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Note that 

\\[ipo o a(a), Z n (t)]\\ < 5 n for all a G Q n and t G [0, 1]. (e 5.126) 

It follows that 

Bott(ifo,Z n )\ Vn =Bott(Vo,^*£4+i)k. (e 5.127) 

By the choice of 5 n and Q n , by applying 15.61 

botti(Vo,Zn)k = botti(^ ,^^+i)b„ (e 5.128) 

= botti(<£ o a, u* n u n+ {) + botti((/9 o k o a, u* n u n+ \) (e 5.129) 
= 0. (e 5.130) 

Since K\(B) = {0} and Kq{B) is divisible, the above implies that 

Bott(^o o a, Z n )\ Vn =0, n = l,2,.... (e 5.131) 

It follows [5J] that there is a rectifiable continuous path of unitaries {Z' n {t) : t G [0, 1]} such that 

Z' n (l) = Z n , Z' n {ti) = 1 and ||[^ (o),Z;(t)]|| < e n (e 5.132) 

for all a € J- n and t G [0, 1]. Define 

u(t) = XJ n Z' n (t-n) for all t€ [n,n + l], n = l,2,.... (e5.133) 

Note that v(n) = U n Z' n (0) = U n , v{n + 1) = U n Z' n (l) = U n+ \ and V(t) is continuous on [1, oo). 
We also compute that 

lim adv(t) o f3 o ipo(a) = ipo o a(a) (e 5.134) 

t— +oo 

for all a G A. 

It follows from [5\2l that ^oa has the property (H) for the constant 2ir + 1. Thus Lemma 
15.41 applies. 

□ 

Theorem 5.8. Let A be a unital AH-algebra (not necessarily simple) and let a € Aut(A) be a 
automorphism. Suppose that there is another automorphism k G Aut(A) such that k(x) = —x 
for all x G Ki(A) such that there is a continuous path of unitaries {U(t) : t G [0, oo)} such that 

lim ad U(t) o a o k(o) = K o a (a) 

t— +oo 

for all a G A. Then A x a Z can be embedded into a unital simple AF-algebra if and only if A 
has a faithful a-invariant tracial state. 

Proof. Suppose that (/9 : i ^„ Z ^ B is a unital monomorphism, where B is a unital simple 
AF-algebra. Let r G T(B). Then r o ip gives a faithful a-invariant tracial state on A. 

So now suppose that there is an a-invariant faithful tracial state r on A. 

It follows from 14.21 that there is a unital simple AF-algebra B with a unique tracial state 
r and (Kq(B), Kq(B) + , [Is]) = (B, B+, 1), where B is a dense additive subgroup of R with 
B = pb(Kq(B)), such that is a unital embedding : A — > -B with 

TO( / ?oa = Toi / 3. (e5.135) 
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By considering B ®U, we may assume that Kq(B) is divisible. It follows from that fact that 
K (B) =D and (|e 5.135]) . 

(¥" ) a)*0 = ^ (e 5.136) 

We also have {if o = 93*1 since K\{B) = {0}. Since Kq{B) is divisible, it follows that 

[990 a] = [</>] in KL(A, B). 

It follows from [5771 there is a unital embedding tp : ^4 — > M2(B ® Z//) and a unitary 10 £ 
U(M 2 (B ®U)) such that 

o a = adu) o (ids <8> c) o 99. (e 5.137) 

Denote by j3 = ids ® cr and Ci = M 2 {B <g> IX). Then we have a unital embedding V>i : A x a Z — > 
C\ XpZ. As in the proof of 15.51 this implies that A x a Z can be embedded into a unital simple 
AF-algebra. 

□ 

It is worth to note that when K\{A) = {0}, one can always take k = id.A- 

Corollary 5.9. Let A be a unital AH-algebra and let a £ Aut(A). Suppose there is k £ Aut(A) 
such that a(x) = —x for all x £ K\{A) and a o k = k o a. Then A x Q Z can be embedded into a 
unital simple AF-algebra if and only if there is a faithful a-invariant tracial state 

Proof. This immediately follows from 15.81 □ 

Corollary 5.10. Let A be a unital AH-algebra and let a £ Aut(A). Suppose that a(x) = —x 
for all x € K\{A). Then A x a Z can be embedded into a unital simple AF-algebra if and only if 
there is a faithful a-invariant tracial state. 

Proof. Let n = a. Then k o a = a o k. So 15.91 applies. 

□ 

Corollary 5.11. Let A be a unital AH-algebra (not necessarily simple) with torsion K\{A). Let 
a £ Aut(A). Then A x Q Z can be embedded into a unital simple AF-algebra if and only if A 
admits a faithful a-invariant tracial state. 

Proof. By embedding Ax„Z into A®U x a8ff Z, we may assume that K\{A) = {0}. We then 
choose k = id^. So, either [5/91 or 15.81 applies. □ 

Corollary 5.12. Let A be a unital AF-algebra and let a € Aut(A). Then A~x a 7L can be embedded 
into a unital simple AF-algebra if and only if A admits a faithful a-invariant tracial state. 

Proof. Every AF-algebra is an AH-algebra with trivial K\(A). □ 

Remark 5.13. The scheme of the proof of this section is the same as that in |34j . However, 
we use 15.11 and 15.21 as well as 13.61 and 14.21 Moreover, by introducing k, we are able to avoid 
the difficult generalization of results in [21]. One can verify, for example, for unital simple AT- 
algebra, required k can be produced. However, in the next section, we will show that if A is a 
unital AT-algebra and a £ Aut(A) is an automorphism then A x Q Z can always be embedded 
into a unital simple AF-algebra provided it has a faithful a-invariant tracial state. 

It probably worth to point out that, even simple AH-algebras with trivial Xi-groups and 
torsion free i^o-g rou P s are n °t necessary AF (see [22] for a classification for some of those simple 
AH-algebras). In particular, they may not have real rank zero. There are also simple AH- 
algebras whose stable rank is higher than one. Some more exotic AH-algebras were known. In 
general, when C*-algebras are not assumed to be simple, there is no realistic hope of classification 
by X-theory at this moment. 
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6 Crossed products of AT-algebras by Z 

Some versions of the following three facts are known. We collect here as lemmas for the conve- 
nience. 

Lemma 6.1. Let A be a unital C* -algebra and let r G T(A). Suppose that u,v £ U(A) are 
unitaries such that 

||u-l|| <2/3, ||v - 1|| < 2/3 and \\uv - 1|| < 2/3. (e6.138) 

Then 

r(log(uv)) = r(log(u)) + r(log(v)). (e 6.139) 

Proof. Put 

A = max{||u — 1||, \\v — 1||, \\uv — 1||}. 

Let 

F = {e wit : -7T + 26 < t < tt - 29}, 

where 6 = arccos(3A/2). 

Then F contains spectra of u, v and uv. Take a branch of logarithm log : F — > (— vr, 7r) which 
is continuous (smooth) on F. Denote 

bl = 2~kI log ^^' 62 = 2wi l0g ^^ and hz = 2~ni log ( uv ^ 

Set 

V 6 ™* bl 0<t<l/3 

W (t) = I e -27ri6i e -27ri(3t-l)6 2 1/3 < t < 2/3 

e -27rit>i e -27rit>2 e 27ri(3t-2)b3 2/3 < t < 1 

Note that, for each t £ [0,1], sp(u>(i)) C F. So logtt>(t) is smooth and log(w(0)) = log(w(l)). 
One then computes 

However, one also has that 

1 f 1 d(w(t)) 1 f 1/3 

i-2/3 /-l 

+ / 6iriT(b 2 )dt+ / 67rir(& 3 )dt} (e6.142) 

Jl/3 J2/3 

= -r(6i)-T(6 2 )+T(fe 3 ). (e 6.143) 

□ 

Lemma 6.2. Lei A be a unital C* -algebra, let B C A be a unital C* -subalgebra (with 1b = 1a), 
let a : B — ► B be a unital homomorphism and let r € T(A) be a tracial state such that 
r(a(a)) = a for all a £ B. Suppose that b € B SM with \\b\\ < arcsi "( 1 / 6 ) ; w G and u € 

\\wadu(a{w*)) - 1|| < 1/3 and \\e 27vib wadu(a{w*) e - 27via ^) - 1|| < 2/3. (e 6.144) 

Then 

T(log(e 2rf Wi u(a((e- 27rib w)*))) = r(log(wad u(a(w*)))). (e 6.145) 
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Proof. By applying 16.11 we have 



r(log(e 2 ™ 6 u>ad u{a(e 2wib w)*))) (e 6.146) 

= T(log(e 2wib )) + T(log(wadu{a(w*)e- 27ria{b) ))) (e 6.147) 

= 2vrir(6) +r(log(u;adn(a(w*)) +r(log(adu(e- 27ria(b) ))) (e6.148) 

= 2vrir(6) + r(log(wad u{a(w*)) - 2iriT(a(b)) (e 6.149) 

= T(log(wadu(a(w*)). (e 6.150) 

□ 

Lemma 6.3. For each integer k > 0, there exists 5 > satisfying the following: 

Let A be a unital C* -algebra, let B C A be a unital C* -subalgebra (with 1b = 1a), let 

a : B — > A be a unital homomorphism and let r € T(A) be a tracial state such that r(a(a)) = a 

for all a € B, and let z 6 U(B). 

Suppose that there exists a unitary u £ U (A) such that 

\\&du o a(z) — z\\ < 5. (e6.151) 

Then 

T(log{z m &du{a(z m *))) =mr(log(zadu(a(z*)))) (e6.152) 

for all \m\ < k. 

Proof. With sufficiently small 5, (|e 6.151|) implies that 

\\z m aduoa(z m *) - 1|| < l/2 m and ||ad u o a{z m *)z m - 1|| < l/2 m (e6.153) 

for all |m| < fc. Then, by 16.11 

r(log(z m ada(z m *))) = r(log(z m - 1 adn(a(z m - 1 )*)adu(a(z*))z)) 

= r(log(z m - 1 adn(a(z m - 1 )*))) +r(log(adu(a(z*))z)) 

= T(log(z m - 1 adu(a(z m - 1 )*))) + r(log(zadu(a(z*)))).(e6.154) 

The lemma then follows by induction. 

□ 

Let B = ®? =1 M r{i) (C(Xi)), where X { is a compact subset of the unit circle. Let ej £ 
M r (j^{C{Xi)) be a constant rank one projection. Denote by z% the identity function on Xj. We 
identify C{Xi) with eiM r ^(C \Xi))ei and Zj with the unitary in ejM r (j)(CpQ)) e i> i = 1,2, TV. 
Denote by z 4 ' = (1 — e*) + Zj. Denote by the identity of M r m, the i-th summand of 73. 

Suppose that ^4 is a unital C*-algebra of stable rank one and B C A with 1# = 1a- Let 
a : B — > A be a unital monomorphism. Suppose that u S with = EiU, i = 1, 2, 7V. 

Suppose that r G such that 

r o a|j5 = t|b. 

Let Z = {v\, V2,—,Vm} be unitaries in B. Then we have the following: 

Proposition 6.4. There exists 5 > and a /iraie subset Q C B satisfying the following: 
If 

\\&du o a(a) — a|| < 5 for all a E Q and (e 6.155) 

r(log(ziadit(a«)))) = 0, i = 1, 2, N, (e 6.156) 
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then 

T{log(vj&du(a(v*)))) = (e 6.157) 

for all Vj € Z. 

Proof. It is easy to see that we may assume that Ei = 1a = Is and B has only one summand, 
B = M r (C(X)), where X is a compact subset of the unit circle. Let e be a constant rank one 
projection in B. We now use z for the identity function on X and the corresponding unitary in 
eBe and denote z' = (1 — e) + z. 

For each Vj, we assume that [vj] = [z mj ] in K\(B) for some integer rrij. There is a continuous 
path of unitaries {vj(t) : t € [0,1]} such that 

Vj-(0) = Uj and Vj(l) = z m \ j = 1, 2, iV. 

There are = to < ti < ■ ■ ■ < tx = 1 such that 

< 1/3, s = l,2,...,K (e6.158) 

for l<j<N. 

Let <5i > be in the lemma [6731 for A; = max{|mj| : j = 1,2, ...,iV}. 
Put i 

5 = min{5i, ^j}. 

We now assume that Q contains at least z,z', Vj(t s -%)*Vj(t s ) and Vj(t s ), s = 1, 2, ...,N and 
j = 1,2, ...,m. Now suppose that (le 6. 155)) and (le 6. 156)) hold. In particular, we have 

\\aduoa(vj(t a )) - Vj(t s )\\ < 1/6 K+1 , (e6.159) 

s = 0,2,. ..,K and j = 1,2,..., N. Note that there is h(j,s) G B s , a with ||/i(j,s)|| < arcsi ^ (1/6) 
such that Vj(t 8 -i)*Vj{t t ) = e 2 ™ h & s ). 
By (le 6.156|) . we have 

r(log(z'ad u(a(z')*))) = 0. (e 6.160) 

It follows from 16.31 that 

r(log((z / ) mj adn(«((z') mj T))) = 0, j = 1,2,...,N. (e6.161) 
By applying 16.21 we obtain 

T(log(vj(tN_i)&dua(vj(tN-i)))) = 0. (e6.162) 
Then the desired conclusion follows the repeated application of 16.21 

□ 

The following Exel's formula actually holds in much great generality. 

Lemma 6.5. There is a positive number S satisfying the following: 

Let A be a unital AF-algebra. Suppose that u, v € U(A) are unitaries and suppose that 

\\uv — vu\\ < 5. (e6.163) 

Then botti(u, v) is well defined and 

^(botti(u,v))(r) = -^r(log(vuv*u*)) for all r G T(A). (e 6.164) 

27T1 
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Proof. There is 5± > such that botti(u, v) is well defined for any pair of unitaries u and v such 
that \\uv — vu\\ < 5\. Moreover, there are two projections p,q E M2(A) such that 

botti (u,v) = \p] - [q\. (e6.165) 

Now we suppose that \\uv — vu\\ < 5\/2. There is 62 > such that 

botti(u' ,v) = [p]-[q] (e6.166) 

for any other unitary v! G U(A) satisfying \\u' — u\\ < 62- Similarly, we obtain £3 > such that 

bottiCuV) = \p] - [q] (e6.167) 

for any pair of unitaries u',v' £ U(A) satisfying \\u' — u\\ < 63 and \\v' — v\\ < 63. 
Now choose 5 = 5±/2. 

There are sequences {u n } and {v n } of unitaries in U^ =1 A n such that 



lim \\u — u n \\ = and lim \\v — v n \\ = 0. (e6.168) 

n^oo n— >oo 

Without loss of generality, we may assume that 

u n ,v n £ A n , \\u — u n \\ < 63 and ||i; — v n \\ < 63, n>Ni (e6.169) 

for some sufficiently large N%. Then 

botti(n n , v n ) = hott\{u,v) = [p] — [q] for all n > N\. (e 6.170) 

By choosing larger n, without loss of generality, we may assume that p,q G M2(A n ). We may 
write A n = ®^ =l M r ^, where r(k) > 1 is an integer. We may also write 

P = ®k=iPk and q = ®k=i<lk, (e6.171) 

where p k ,qu £ -^r(fc) are projections, k = 1, 2, ...,N. Moreover, 

u n = ®k = iu{k) and v = ®% =1 v(k), (e 6.172) 

where u(k),v(k) € M r ^ are unitaries, A; = 1,2, ...,N. 
If follows from Lemma 3.1 of [16] that 

Tr k (p k ) - Tr k {q k ) = ^-Tr k (log(v(k)u(k)v(k)*u(k)*)), (e 6.173) 



non-negative numbers Ai, A2, A#( n ) with X^fc=i THa = 1 such that 



where Tr k denotes the standard trace on M r n.y For any tracial state r € T(A), there are 

A fc 
r(k) 

«(») x rr 



It follows that 



Pa(\p] - [q])(r) = —r(log{v n u n v* n u* n )) (e 6.175) 



for each n and all r G ^(^4)- Note the left side remains the same value. Since we choose a 
continuous branch of log, we conclude that 

PA^oott\{u, v)) = T(log(vuv*u*)). (e 6.176) 

□ 
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Lemma 6.6. Let B be a unital AT-algebra and let A be a unital simple AF-algebra with a unique 
tracial state r. Suppose that a G Aut(A) and suppose that there is a unital monomorphism 
cp : B — > A such that 

TO{poa = TO(p. (e6.177) 

Then there is a unital simple AF-algebra C with a unique tracial state and a unital monomor- 
phism ij) : A — > C such that there exists a continuous path of unitaries \U(t) : t £ [0, oo)} of C 
such that 



lim ad U(t) o ip o ip o a(a) = ip o ip{a) (e 6.178) 

for all a 6 B. 

Proof. By replacing A by A ® U, we may assume that Kq(A) is divisible. Suppose that 
Pa{Kq{A)) = D, where B is a countable divisible dense subgroup of R. By embedding A into an- 
other simple AF-algebra, if necessary, we may assume that (Kq(A), Kq(A) + , [1a]) = (B,ID!+, !)• 
In particular, kerp^ = {0}. 
Let B = U™ =1 B n , where 

B n = ®f^ ] M r{{) (C(X n)i )) 

and X n ^ is a compact subset of the unit circle. 

Let e( n '^ be a constant rank one projection in M r ^{C{X n ^)). We will identify C{X ny i) with 
e( n ' l )M r (j)(C(X n) j))e( ra ' 1 ) whenever it is convenient. Denote by z n> i the identity function on X n ^ 
and will be identified with a unitary in e^ n ' 1 ' M r ^ j {C(X ny i))e <Jl,t \ i = 1, 2, R(n), n = 1,2,.... 
Denote z' n i = (l — e nt i) + z n ^. To simplify the notation, we will identify B with <p(B). Also denote 

by D n = ] M r u\ which is also identified with C*-subalgebra of B n of constant matrices. 

Since K\(A) = {0}, both A and B have torsion K-theory, kerpA = {0}, by (|e 6.177|) . in 
addition to (|e 6.177H . we also have 

[ipoa] = [ip] in KL(B, A). (e 6.179) 

So combining (le 6.179j) with (|e 6.177H . by I3.6j. there exists a sequence of unitaries {w n } C A such 
that 



lim adu> n o a(b) = b (e 6.180) 

n—>oo 

for all b E B (note we have omitted the notation ip). 

Write A = U^ =1 A ra , where each A n is a finite dimensional C*-subalgebra with \a £ A n for 
each n. We may assume that {w n } C U^ =l A n . Moreover, we may assume that 

&dw n o a \ Dn = id Dn , n = l,2, .... (e 6.181) 

By passing to a subsequence if necessarily, we may also assume that 

\\adw n+k o a(z nt i) - z nii \\ (e6.182) 

is sufficiently small for all k = 1, 2, ... so that 

K+k,i = 7r^ l °g( z n,iWn+k a ( z n,i)w n+ k) 
ziri 

can be defined. 
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Let Bi be a countable subgroup of R which contains D and {r(b n +k,i)}- Let C be a uni- 
tal simple AF-algebra with unique tracial state which we again denote it by t such that 
(Kq(C), Kq(C) + , [lc]) = 0^1) (B>i)+, 1). For the convenience, we may also assume that A C C 
(and r(a) remains the same value) and we use j : B — > C for the embedding. 

Let {^n} C B be an increasing sequence of finite subsets whose union is dense in B. Let 
e n > (in place of S), Q n (in place of Q) be a finite subset of B (in place of A) and P n C K(B) be 
required in 15,11 for 1/n (in place of e) and T n (in place of J 7 ) (and for j in place of h there) . Since 
B is an AT-algebra, Ki(B) is torsion free (i = 0,1). Therefore, by the fact that K±(A) = {0} 
and Kq(A) is divisible, it suffices to choose V n C K\(B). We may assume that e n I 0. Without 
loss of generality, we may also assume that T n C B n and Q n is in the unit ball of B n . We may 
further assume that z n ^ £ £/ n . 

For each n > 2, let Z n = {z^ i; z^_j • , i, j}. To simplify the notation, without loss of generality, 
we may assume that e n is smaller than 5 in 16.41 and Q n is larger that Q in 16.41 corresponding B n 
and Z n . Put j n = min{r(e n) j) : 1 < i < R(n)}. 

There is x n+ k,i € Kq{C) such that 

T(b n+k ,i) = p c (x n +k,i), i = 1,2, ...,R(n),n, k = 1, 2, .... (e 6.183) 

Let ^ n) j C C{X n ^) be a finite subset such that £/ n C {©^™ («fc,j) : «fc,j £ Note each 

ajfcj may be viewed as a function in C{X n ^). 

Let > be required by Lemma 2 of [M] for 2 R( n y^ ■ ^ n ^ ac ^ ^ na * we choose even smaller 
so that in the conclusion of Lemma 2 of [34] we may require that 



\\[a kJ (z), w}\\ < e n /2R(n) 2 (e 6.184) 

for all afcj £ <7 ni j (in the case that X n ^ = S 1 ). 
Put 5 n = min{e n /2,7 n • 2sin(27 T7 n • 5' n )}. 
We also assume that the value in (|e 6. 182[) is smaller than 8 n . 

We will construct a sequence of unitaries {u n } as follows. For each X n> i 7^ S , choose 
6{n, i) > so that 

botti(z„,i,z) = (e 6.185) 

for any unitary z £ e n ,iCe n ^, provided that 

IIK.i, z]|| < 8(n,i). 

We then choose ^fc(n) so that 

||adtu fc ( n ) o a(z n ,i) - z n A\ < min{5 n , S(n, i)} (e 6.186) 

and ||ad o a(a) — a\\ < 5 n for all a £ C/ n . (e 6.187) 



Moreover, 



T"0jfc(n),j) < In ■ S' n . (e 6.188) 



It follows from Lemma 2 of [M] that, if sp(z n .j) = S 1 , there is a unitary v n ^ £ e( n > i 'Ce( n > i ' 
such that 



R € ^ 2 and botti(^ n)i ,« n>i ) = -x fc(n)ii . (e 6.189) 
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Let v n> i = e( n ' l \ if sp(z n> j) / S 1 . By 16.51 and applying IBTTl 

, 1 



K 2m 
1 



\og{{z n ^v* n)i w* k{jl) a{z n ^)w n+k v n) i)) 



— logiVn^Z^iV^wl^aiZn^Wk^V^iV^)) 



y 2m 

log(Vn ) i«n,i^ |i < )i «n > i^fc( fl )«(2n,i)«'fc(n))) 

1 1 

r(log(— w n ,^n,iW n ,i<,i)) + T {^{^- Z n,iwl (n) a{z n ^)w k{n) )) 



1 



botti(z n! i, u n>i ) +r(log(— z nt iwl^a(z n ,i)w k ( n ))) = 0. 



(e 6.190) 
(e6.191) 
(e 6.192) 
(e 6.193) 
(e 6.194) 



We then obtain a unitary u n (with the form of ©^i^Wfc( n )diag(u n) j, • • • ,f n ,i)) such that 



ad-u n | Dn = idD n , ||adu n o a{z n)i ) - z n ^\\ < e n /2 

lo g(^n,i<««i)^n)) = 0. 



n = 1,2, .... By (|e 6.187p and choice of 5' n , we may also assume that 

\\adu n (a(a)) — a|| < e n /2 for all o € 

By applying 16.41 we also have that 

1 



T (^—^g(z n ju* n+1 a(z*j)u n+ i) = 0. 



Put 



1 



log(ad< +1 (z nii )a(4 ii )) 



6i = 

Z7TZ 

h = — l °S( a - du n( Z n,i) a ( z n,i))) 

h = —tog(^adu*Un+i (<,<))■ 
Then, by (je 6.1961) and (|e6.198l) . 



r(6i) = r(— log(^ ni ad(n n+ i)(a(z ni ))) = and 
2m 



r(b 2 



^(log(— 2 nji adn n (a(4 )i )))) = 0. 



But 



ad w* +1 (< 



e 2iribi g — 2irib 2 



Therefore, by applying (|6.1 



r(hs) = T(^log(ad< +1 (e 2 ^))=r(^log(e 2 - 6l e- 2 - fe 



)) 



Note also, by (|e 6.1970 



— r(27rz6i) + — r{2mb 2 ) = 0. 

Z7T2 Z7TZ 



\\[j(a),u* n u n+1 ]\\ < e n /2 + e n+ i/2 for all a G 



(e6.195) 
(e 6.196) 

(e6.197) 

(e 6.198) 

(e 6.199) 
(e 6.200) 
(e 6.201) 

(e 6.202) 
(e 6.203) 

(e 6.204) 

(e 6.205) 
(e 6.206) 

(e 6.207) 
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In particular, 

|| [z n ,i, <u n+1 }\\ < e n /2 + e n+1 /2. (e 6.208) 

However, by 16.51 

r(botti(u* +1 u n , z nii )) = r(h 3 ) = 0. (e 6.209) 

Since keipc = {0}, 

botti« +1 n„, z n4 )) = 0. 

Therefore 

botti(z ni j,u*n n+ i) = 0. (e 6.210) 

Hence we may assume that 

botti(j, u* n u n+ i)\ Vn = 0. (e6.211) 

Consequently, (also using (|e 6.207P ). for sufficiently large n (so e n is sumciently small), one may 
apply [5TT1 ( Ki(B) is torsion free and K\{A) = {0} and Kq(A) is divisible) to obtain a continuous 
path of unitaries {w n (t) : t G [0, 1]} such that 

w n (0) = 1, w n (l) = u* n u n+ i and (e 6.212) 

\\\j(a),w n (t)]\\ <l/n (e 6.213) 

for all a ^ T n and i G [0, 1] . 
Define 

U(t + n) = u n w n (t) for all t G [0, 1]. (e 6.214) 

Then U(t) is continuous on [0,oo). One then easily checks that 

lim adU(t) o a(a) = a for all a € B. 

n— +oo 

□ 

Theorem 6.7. Let B be a unital AT-algebra and let a G Aut(B). Then A x a Z can 5e embedded 
into a unital simple AF-algebra if and only if A admits a faithful a-invariant tracial state. 

Proof. It suffices to show the "if part of the statement. By 14.21 there is a unital simple AF- 
algebra B with a unique tracial state r and a unital monomorphism h : A — > B such that 

t oho a = t oh. 

It follows from 16.61 that there exists a unital simple AF-algebra C, a unital monomorphism 
(p : ^4 — > C and a continuous path of unitaries {J7(t) : i G [0, oo) such that 

lim ad U(t) o ip o a(a) = tp(a) for all a G A (e 6.215) 

t— >oo 

It follows from 15.51 that A can be embedded into a unital simple AF-algebra. 

□ 

Corollary 6.8. Let A be a unital simple AT-algebra and let a G Aut{A). Then A x a Z can 
always be embedded into a unital simple AF-algebra. 

Proof. Since A is simple, A always admits a faithful a-invariant tracial state. □ 

Remark 6.9. This section is based on [33]. It simplifies and clarifies some arguments used in 
[34j for the purpose of proving 16.71 It should be noted that a unital simple AT-algebra may not 
have real rank zero. Theorem 16.71 also applies to non-simple AT-algebras. 
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7 Asymptotic embeddings 

Lemma 7.1. Let A be a unital C* -algebra in j\f, let a G Aut(A) and let C be a unital separable 
simple AF-algebra. Let T : A + \ {0} -^Nx M + . Suppose that there is a T-full unital asymptotic 
embedding {ip n } from A to C such that, for any finite subset V C Kq(A), 

[<Pn] \v = Vfn o a] \v (e 7.216) 

for all sufficiently large n. Then there is a unital asymptotic embedding {ip n } from A to the 
unital simple AF-algebra B = C ®U and there is a sequence of unitaries u n 6 B such that 

lim \\i(j n o a(a) — ad u n o ip n (a) || = (e 7.217) 

n— >oo 

for all a G A. If C has a unique tracial state, one can require that B also has a unique tracial 
state. Moreover, suppose that Aq C A is a unital C* -subalgebra and for each finite subset 
Q € K(A ), 

[VnllboKO = VPm]\[j ]{Q) (e 7.218) 

for all n,m > uq for some uq > 0, where jo : Aq — > A is the embedding, then we may also require 
that 

hMtfoKS) = hMlboKC) (e 7.219) 

for all sufficiently large n and m. 

Proof. We may assume that tp n 0-A) = Is- 

Since {tp n } is T-full, by 13.31 and 13.11 for any finite subset Qq C A, there exists no > such 
that 

\\<Pn(a)\\ > (l/2)||o|| for all a £ Go (e 7.220) 

for all n > uq. Fix a finite subset T C A and e > 0. Let Q C A, V C K(A) be finite subsets, 
5 > and N > be integer meet the requirements of 13.41 Fix Q C K_(Aq). Without loss of 
generality, we may assume that [jo](Q) C T 3 . 

Let K = N(N + 1). Choose = uf =0 a j (G). Note that vr o o : A -> 9oo({C}) is full 
for each j. Therefore there are 7} : \ {0} — ► (N, j = 0, 1, 2, such that {(p n o a 3 } are 
Tj-full. Let Sj = Sj(e, J 7 , A, Tj) be a finite subset required by 13.41 j = 0, 1, 2, N. 

Suppose that ip C {(f n } such that it is a (<?', T 3 , <5/2)-map. By (|e 7.220p . we may also assume 
that 

1199(a) || > (l/2)||o|| for all a G Q' . (e 7.221) 

We may also assume that 

[<poa j ]\ v = [<p]\ v , j = l,2,...,N. (e 7.222) 

Define 

N a = max T(a J (a))N and R a = max T(a J (a))iR. 

0<j<K 0<j<K 

Define r i: i + \{0}^Nx E+ by T x {a) = (N a ,R a ) for a G \ {0}. Thus we can choose 
f £ {fn} such that ip o a J is T\-Sj full for j = 1, 2, N. 
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Write C = C®U. Define V : A -» C ® by 

V>(a) = diag($(a), *(a(o)), .... $(a w (a))), (e 7.223) 

for a £ A, where 

A' 



$(&) = tp(b) g> Im^ = diag(^(a),v?(a),...,v?(a)) (e 7.224) 

for 6 € .A. Thus 

V>oa(a) = diag($(a(a)),$(a 2 (a)),...,$(a w+1 (a))) (e 7.225) 
for a € A. Note that there is a permutation matrix £ Mjv + i such that 

ad^o^(a) = diag($(a(a)),$(a 2 (a)),...,$(a 7V (a)),$(a)) (e 7.226) 

for all a£ A 

Since each kp o a? is T\-Si full, by counting multiplicity of each ip{a? (a)) for j = 1,2, ...,N, 
using (je 7.222p and by applying 13.41 we obtain a unitary U £ C (3 Mk such that 

ad £7 o ip & e ip o a on (e 7.227) 

By embedding Mk unitally into U, we obtain a (£?, V, <5)-map from A into C <S>U. 
By (je 7.2221) and (Ie7.223|) . we see that, for any x £ V, 

M(x) = [¥>](*) ® 1m. (e 7.228) 

This proves (je 7.219p . Moreover, 

(a) || > (l/2)||a|| for all a £ T . 

□ 



Corollary 7.2. 7/ in addition to the hypothesis in 7.1, there are a\, a& € Aut(A) swc/t 

f/iai ay o «j = a; o ay (2, j = 1, 2, k) and 

t o (pi(a) = t o 99 n (a) = t o (p n o ay(a) (e 7.229) 

/or all a £ A and for all r E T(C), n = 1,2, ... and j = 1, 2, k, where t is the unique tracial 
state ofU, then we may also require (in addition to the conclusion of \7.1\ ) that 

(t <g> t) o tpi (a) = (r ® i) o ip n (a) = (r ® i) o ^ n o ay (a) (e 7.230) 

/or all a £ A and for all r £ T(C), n = 1,2, ... and j = 1, 2, fc. 

Proo/. Note that, by (je 7.223]) . 

■0 o ay(a) = diag($(ay), $(a o ay (a)), • • • ^(a^oa^a))). (e 7.231) 

By (|e 7.229P (and (je 7.224|> ). we have 

(t®0 o $(0*00,(0))) = (t®0 o*(aj(o)) = (t® i') o$(a) (e 7.232) 

for all t £ T(C), where i' is the tracial state on Mk- It is then easy to conclude that (je 7.230|) 
holds. 

□ 



33 



Lemma 7.3. Let A be a unital separable amenable C* -algebra, let a G Aut(A) and let B be a 
unital C* -algebra. Suppose that there exists a sequence of contractive completely positive linear 
maps {tp n } from A to B which satisfies the following: 

(1) lim n ^oo \\<p n (ab) - <p n (a>)<Pn{b)\\ = for all a,b G A, 

(2) there exists a sequence of unitaries {v n } in B such that 

lim ||adu n o (p n (a) — (p n (a(a))\\ = (e7.233) 

for all a G A. 

Then there exists a sequence of contractive completely positive linear maps {ipn} from ^4x Q Z 
to B such that 

lim \\Mxy) - Mx)Mv)\\ = o (e 7.234) 

for all x,y G A x Q Z, 

lim \\ip n (a) - Vn{a)\\ = and lim \\ip n (u a ) - v n \\ = (e 7.235) 



n^oo 



for all a G A. 
Proof. Define 

L n ( Yl a k u a)= Yl Vn{a k )v k n (e 7.236) 

—N<k<N —N<k<N 

for a& G A For any a, 6 £ A and any integers m and fc, 

L n {au™bu k a ) = L n (aa- m (b)u k + m ) = (p n {aa~ m (b))v k+m and (e 7.237) 

L n (a<)L n (&<) = ^ n (a)w> n (t)^ (e 7.238) 

= [^(a)<Vn(&K ro ]4 +m (e 7.239) 

However, by (le 7.233|) and (Ie7.234|) . 

lim ||(^ n (aa- m (6))^ +m - [y n {a)v™y n (b)v- m }v k+m \\ = (e 7.240) 

n—>oo 

It follows that 

lim \\L n (au™bu k a ) - L n (au a )L n (bu k )\\ = (e 7.241) 

Therefore, for any cc, y G A x Q Z, 

lim ||L„(xy) - L n (x)L„(y)|| = 0. (e 7.242) 

n— >oo 

Define L : Ax ft Z -> /°°({£}) by L(c) = {L n (c)} for c G ^4 x Q Z. ThenvroL : ^x a Z -> 9oo({£}) 
is a homomorphism. Since A is assumed to be amenable, so is A x a Z. It follows from [8] that 
there is a sequence of contractive completely positive linear maps ip n : A X a Z — ► B such that 

lim ||L ft (aO - ip n (x) || = (e 7.243) 

for all x G ^4 x a Z — > i?. This proves the lemma. □ 
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Corollary 7.4. Let A E J\f be a united C* -algebra, let a € Aut(A) and let C be a unital 
simple AF-algebra. Let T : A+ \ {0} — > (N, R+) be a map. Suppose that there is a T-full unital 
asymptotic embedding {<p n } from A to C such that, for any finite subset V C Kq(A), 

[fn]\v = [<Pn ° <*]\v 

for all sufficiently large n. Then Axi a Z can be unitally asymptotically embedded into a unital 
simple AF-algebra 

Proof. By embedding C into C ®1A, we may assume that C = C <g> U. In particular, Kq(C) is 
divisible. The corollary then follows from 17,11 and 17.31 

□ 

Corollary 7.5. Let A € Af be a unital C* -algebra, let a £ Aut(A) and let C be a unital simple 
AF-algebra. Suppose that there is a monomorphism <p : A — > C 

<P*o = (<P «)*o- 

Then there exists a unital simple AF-algebra B, a sequence of unital monomorphisms {^p n } and 
a sequence of unitaries {u n } in B such that 

lim ||adu n o (f n (a) — ip n o a(a)\\ = 

for all a € A. 

Moreover, if C has a unique tracial state r such that 

t o ip(a) = t o (p(a(a)) 
for all a € A, then there is an asymptotic embedding {ip n } '■ A x a Z — > B such that 

lim \\ip n o j(a) — (p n (a)\\ = for all a £ A. 

n— »oo 

We may assume that B has a unique tracial state t and 

lim tUp n (a)) = lim t(<p n (a(a))) = r((p(a)) 

n— >oo n— >oo 

for all a G A as well as 

[(p n ] = [ip n oa] in KL(A, B). (e 7.244) 



Proof. The proof is evident by replacing (p n in the proof of 17.11 by the monomorphism (p. We 
also apply [72J 

□ 

Proposition 7.6. Let A be a unital separable amenable C* -algebra and let B be a unital C*- 
algebra. Suppose that a £ Aut(A) satisfies the cyclic Rokhlin property 12. 6]) . Suppose that there 
is a sequence {<p n } of contractive completely positive linear maps from A x a Z to B for which 

lim \\ip n (ab) — ip n (a)<p n (b)\\ = for all a,b G A. 

n— too 

Then {<p n } is T-full for some T : (A x a Z)+ \ {0} — > (N, M+) if and only if {<p n o j} is T 1 -full 
for some T' : A + \ {0} — > (N, where j : A — > A x a Z is the natural embedding. 
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Proof. It suffices to show the "if part. Suppose that, for some T' : A + \ {0} — > (N, 
Wn ° j} is T'- full. Let 7T : 1°°{{B}) — » qoo({I?}) be the quotient map. Put i> = 7r o {ip n }. Then 
$ : A x a Z — > Qood-B}) is a homomorphism. It follows from f|3 . 3|) that $ o j is full. Let J\ be a 
closed two-sided ideal of q^^B}). Suppose that 

J = {b e A x Q Z : $(6) € Ji}. 

Let / = Jfl i(-A). Since a is cyclic Rokhlin, by a result of Pasnicu and Phillips (see 4.1 of |32j), 
J is proper if and only if I is proper. Since $|a is a full, / = {0}. So is J. This implies that, 
for any b ^ 0, <&(6) does not belong to any closed two-sided ideal of ^({i?}). Thus is full. 
Therefore, byQ there is T : (A x a Z)+ \ {0} -> (N,R+) such that {v9 n } is T-full. 

□ 

Corollary 7.7. Let A be a unital separable amenable C* -algebra and let B be a unital C*- 
algebra. Suppose that a E Aut(A) satisfies the cyclic Rokhlin property \2. 6]) . Suppose that there 
is an asymptotic embedding {(f n } : A x Q Z — > B and there is a full monomorphism h : A — > B 
such that 

lim \\h(a) -ip n o j(a)\\ = (e 7.245) 

n— »oo 

/or a// a G A, where j : ^4 — > ^4 x Q Z is i/te natural embedding. Then {ip n } is T-full for some 
T:(Ax a Z) + \{0}^(N,IR + ). 

Proo/. It follows from (|e 7.245P that $ o j = h. Thus <l o j is full. □ 

8 Asymptotic Embeddings for C(X) x a ^ 2 an d quasidiagonality 



Theorem 8.1. Let X be a compact metric space and let A : Z 2 — » Aui(C(AT)) 6e a Z 2 action 
on X. 

Then the following are equivalent: 

(1) f/iere exists a strictly positive A-invariant Borel probability measure fx on X, 

(2) there exists a unital simple AF-algebra B, there exists a monomorphism h : C(X) — » 
and i/iere exists a T-full asymptotic embedding {ip n } '■ C(X) xaZ 2 — > S /or some T : ^4 + \{0} — > 
(N,R+) suc/i taai 

lim \\h(f)-<p n oj(f)\\=0 (e8.246) 

n— >oo 

/or all f € C(X), where j : C(X) — > C(X) xa Z 2 is i/ie natural embedding. 

Proof. Suppose that (2) holds. Without loss of generality, we may assume that <^n(lc*(x)xi A z 2 ) = 
1b- Let r € T{C) be a tracial state. Then r o /i is a strictly positive Borel probability measure. 
Since C(X) XaZ 2 is separable, there exists a subsequence {n^} and a tracial state t of C(X) XaZ 2 
such that 

t(a) = lim r o ip nk (a) 

k^oo 

for all a € C(X) xa Z 2 . Therefore i o j is A-invariant. However, by (je 8.246P 

* ° j = t o j. 

Thus r o j is a strictly positive A-invariant Borel probability measure on X. 
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Now suppose that (1) holds. 

It follows from Cor 3.3 and Theorem 4.3 of [32] (and its proof) that there is a unital simple 
AF-algebra B with a unique tracial state r and a unital embedding ip : C{X) ® U x 7l Z — ► B, 
such that 

r o p o z(a) = t o ip o i o jj(a), j = 1, 2 

for all a G C(X) ® where 7j = ctj <g> a and <r is as in 12.61 J = 1,2 and i : C(X) g) U —* 
X 71 Z is the natural embedding. Let D — pb(Kq(B)). There is a unital simple AF- 
algebra B\ with (Kq(Bi), Kq(Bi) + ,[1b 1 }) = (B,B + ,1) and there is a unital monomorphism 
/ioo ■ B —> Bi which maps Kq(B) to D by the map p#. Thus we may assume that B = B\, 
without loss of generality. In particular, now we assume that kerpB = {0}. By replacing B by 
B (g U, we may also assume that Kq(B) is divisible. 

Put Aq = C(X) <g)U. Suppose that e G M fc (^4 X/3 ^) is a projection. Let E 1 : j4 x 7l Z — > t4 
be the canonical conditional expectation. Since 71 has cyclic Rokhlin property, by Cor 4.2 of 
[32], there is a tracial state t of Aq such that 

t(£(o)) = ro^(o) (e 8.247) 

for all a G ^4o x 7l Z. Define 72 : Aq x 7l Z — > Ao x 7l Z by 72(a) = 72(a) for a £ Ao and 72(^71) = 
u 71 , where u 71 is the canonical unitary in Aq x 7l Z implementing 71. Since 71 commutes with 
72, 72 defines an automorphism on Aq x 7l Z. For the canonical expectation E : Aq x 7l Z — > ^o, 
one computes that 

S(7 2 (a)) = 72 (E(a)) (e 8.248) 

for all a £ Aq x 7l Z. 

Since r o ^ o i is 71 and 72 invariant, by applying (le 8.247P and (je 8.248(1 ). we obtain that 

t(E(j 2 (a))) = t(-f 2 (E(a))) = t(E(a)) for all a G Aq x 7l Z. (e8.249) 
Now let e G Mfc(vlo Z) be a projection. It follows from (Ie8.249p that 

t(E(j 2 (e))) = t(E(e)). (e 8.250) 

It follows that 

t o 95(72 (e)) = r o (p(e). (e 8.251) 

Since kerps = {0}, we conclude that 

V?*o = (<£ 72)*o (e 8.252) 

Since K\(B) = and Kq(B) is divisible, we have 

[p] = [^072] in A"L(A x 7l Z,S). (e 8.253) 

It follows from EH O and ES that there exists a T-full (for some T : A + \ {0} -> N x R + ) 
asymptotic embedding {tp n } from (Aq x 7l Z) x 72 Z into .B ®U{= B) satisfying the following. 

lim ||VVi(a) - K(a)\\ = for all a G A x 7l Z, (e 8.254) 

n— >oo 

where h n : ^4o x 7l Z — > £> (g is a unital monomorphism. Moreover, by I7.2( for each n, 

(r <g> i) o /i n (a) = (r (git) o h\(a) for all a G Aq x 7l Z. (e 8.255) 
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Again, 

[h n ] = [hi] in KL(A x 7l Z,B®U), (e 8.256) 

n = 1,2, .... It follows from (je 8.256|) . (|e 8.255P and 13.61 that there exists a sequence of unitaries 
{w n } C B ®U such that 

lim \\&dw n oh n oj{f)-h 1 oj(f)\\=Q for all f € C(X). (e8.257) 

n^oo 

Thus, (by also (Ie8.254|) . 

lim llad^o^ojiC/O-^o^Cf)!! =0 (e8.258) 

n^oo 

for all / G C(X). Now by replacing V>n by adw n oip n , we may assume that 

lim U n oj(f) - h l0 j(f)\\ = for all / G C(X). (e 8.259) 



n— >oo 



□ 

Corollary 8.2. Let X be a compact metric space and let A : 1? — > Aut(C(X)) be a 1? -action 
on X. Suppose that there is a strictly positive A-invariant Borel probability measure p. Then 
C(X) XaZ 2 is quasidiagonal. 

We would also mention the following two asymptotic embeddings: 

Proposition 8.3. Let A be a unital AH-algebra and let a G Aut(A) be an automorphism. Then 
there is a T-full (for some T : A + \ {0} — > N x M.) asymptotic embedding {ip n } : A xi a Z — > C 
for some unital simple AF-algebra C if and only if A admits a faithful a-invariant tracial state. 

Proof. By replacing A by A <g> IA and replacing a by a <8> o~, we may assume that a has the cyclic 
Rokhlin property of 12.61 By 14.21 there is a unital monomorphism h : A — > B for some unital 
simple AF-algebra B with unique tracial state r such that kerp^ = {0} such that 

Toh = rohoa (e 8.260) 

for all r G T{B). Since kerps = {0}, it follows that 

/i*o = (ho a)* (e 8.261) 

It follows from !7.5l that there is an asymptotic embedding {(p n } : Axi a Z — > B®IA and a sequence 
of monomorphisms h n : A ^ B ®IA such that 

lim ||<£> n o j(a) — h n (a)\\ = and 

n— >oo 

r o h n (a) = t o h\ (a) for all a G A 
Note since Ki{B) = {0} and Kq(B ®U) is divisible and kerp^ = {0}, 

[/i n ] = [hi] in KL(A,B®U). 
It follows from 13.61 that there is a sequence of unitaries {w n } C -B such that 

lim ||adu> n o h n (a) — ftri(o)l| = for all a G A, 

n— too 

We now replace ip n by adu; n o ip n . Thus, we may assume that 

lim \\ijj n o j(o) — /ii(a)|| = for all a G A. 

n— >oo 

Since B is simple, it is easy to see that there is T' : A + \ {0} — > N x M + such that {ip n o j} is 
T'-full. Since we have assume that a has the cyclic Rokhlin property, by 17.61 {ipn} is T-full for 
some T : A + \ {0} -^Nx M+. 

□ 
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Proposition 8.4. Let A be a separable amenable residually finite dimensional C* -algebra in 
J\f and a S Aut(A) such that (a)*o = id|K (A)- Then there is an asymptotic embedding {<£> n } : 
A xi a Z — ► B for some unital simple AF-algebra. 

Proof. It follows from [25] that there is a unital monomorphism h : A — > B for some unital simple 
AF-algebra B with a unique tracial state r. By mapping B to another simple AF-algebra, if 
necessary, we may assume that K$(B) is divisible. Since (a)*o = id|i<r M), it follows that 

[hoa] = [h] in KL(A, B). (e 8.262) 

It follows from 17.41 that Ax a Z can be asymptotically embedded into a unital simple AF-algebra 
B. 

□ 
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